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INSTRUCTIONS: 

• Answer ALL questions. 

• Do not write on the question paper. 

 

QUESTION ONE: (30 MARKS) 

a)   If 𝑥0 is a real number in a set N and 𝛼 > 0 then define the following 

i. 𝛼- neighbourhood of 𝑥0.                                                                 (3 marks) 

ii. An interior of point of set N.                                                           (3 marks) 

b) Explain what is meant by saying that a number r is rational. Show that if 𝑝 = √𝑙 + 1 −

√𝑙 − 1 for any integer 𝑙 ≥ 1 then p is irrational.                         (6 marks) 

c) Prove that the union of open set is open.                                     (4 marks) 

d) Determine whether the series ∑
𝑛

𝑛2+1
∞
𝑛=1  convergence or diverges.                       (4 marks)                                                                                                            

 

e) Consider three sets 𝑆, 𝑇, 𝑉  show that  𝑈/(𝑆𝑈𝑇) = (𝑉/𝑆) ∩ (𝑉/𝑇).  (5 marks) 

f)   Show that the sequence{
1

2𝑛
} is a Cauchy sequence.      (5 marks)   
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QUESTION TWO: (20 MARKS) 

 

a) (aConsider the set ℝ𝑛 for all 𝑥 ∈ ℝ𝑛, 𝑥 = 𝑥𝑖  . Defineℝ𝑛 × ℝ𝑛 → ℝ  by 𝑑(𝑥, 𝑦) =

 𝑀𝑎𝑥{|𝑥𝑖 − 𝑦𝑖|: (𝑖 = 1,2, … 𝑛)}. Prove that (ℝ𝑛, 𝑑) is a metric space.                 (6 marks)                     

.                            

b) Given the series  ∑
1

𝑛(𝑛+1)
∞
𝑛=1 , find the partial sum 𝑆𝑛 and show that the series converges. 

                                                                                                                                     (5 marks) 

c) Prove that a function which is uniformly continuous on an interval is continuous on that 

interval.                                                                                                 (4 mark𝑠) 

d) Prove that every convergent sequence is a Cauchy sequence but the converse need not to 

be true.                                                                                (5 mark𝑠) 

 

QUESTION THREE: (20 MARKS) 

 

a) Given 𝑓(𝑥) =  𝑥2 − 5𝑥 show that the lim
𝑥→2

𝑓(𝑥) = −6 and hence determine a value for 

𝛿 > 0 associated with 𝜀 > 0 in accordance with the definition of a limit of a function. 

                    (6 marks) 

b) Prove that every convergent sequence is bounded and with the help of an example show 

that the converse is not necessarily true.                                                     (9 marks) 

 

Let {𝑦𝑛} be a sequence of real numbers. Prove that if {𝑦𝑛} converges then its limit is 

unique.           (5 marks)  
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