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Abstract:
Considerable research has been done on Norm property of
different examples of Elementary operators with significant
findings. From available literature not much have been done in
determining the norm of elementary operator in tensor product of
C*-algebras. The norms of Basic elementary operator, Jordan
elementary operator and finite length elementary operator in
tensor product of C*-algebras have been determined and results
obtained. The main focus of this work is to investigate the norm of
the elementary operator of length two in the tensor product of
C*-algebras and to expand on our previous discussion on the
elementary operator in tensor product of C*-algebras. To reach
the goals, methods such as finite rank operator, tensor products

of C*-algebras, and other well-known results were applied.
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1. Introduction

Let H @ K be tensor product of complex Hilbert spaces HandK and B(H ® K) be the set of bounded linear
operatorson H Q K . Let A @ B,C ® Dbe fixed elements of B(H ® K), withA,C € B(H)andB,D €

B(K) are the sets of bounded linear operators on H and K, respectively. Muiruri et al. (2018) then provide us
the following definitions:-

An elementary operator, T,: B(H Q K) - B(H ® K), is defined as;

n

T,(X®Y)=3A4QBX®Y);®D,YX®Y eB(H ®K)
i=1
When n =1 we obtain the basic elementary operator, M,ggscep: B(H @ K) —» B(H ® K), defined as;

MigpcepX ®Y) = ARXBX QY)C ®D,vX ®Y € B(H ® K).
When n = 2 then we obtain an elementary operator of length two which is defined by;

T,(X®Y)= A1 @B1(X QY )C:1®D1+ A, Q@B(X QY ), ®D;, VX QY € B(H QK).
The Jordan elementary operator, Uagsc gop: B(H @K) — B(H ®K), is defined as;

UssscanX ®Y)=A ®BX QY)C ®D + C DX QY)A ®B,VX ®Y € B(H ®K).

Aspart of our result, the notion of an elementary operator in the tensor product of C*-algebras can be expanded
to encompass additional instances of elementary operators, as follows:
The left multiplication operator, Lagp: B(H ®K) — B(H ®K), is defined by

Ligs(X ®Y) = A ®B(XQ®Y) V (X ®Y) € B(H ®K).

The right multiplication operator, Rygp: B(H ®K) — B(H QK), is defined by
Rigs(X ®Y) = (X®Y)A ®B V (X ®Y) € B(H ®K).
The general derivation operator is defined by
Saepcep(X®Y) =4 QBX QY )—(X QY )C @D = Lagp(X ®Y) — Rcgp(X ®Y).
The inner derivation operator is defined by
Ougn, 40s(X®Y) =4 @BX QYY) —(X QY )A @ B = Lsgs(X ®Y) — Rags(X ®Y).
2. Norm of Elementary Operator

King’ang’iet al. (2014) determined the norm of elementary operator of length two for finite-dimensional
separable Hilbert space W € B(H) with || W ||= 1 and W (x) = xfor all unit vectors x € Hand proved
theorem 2.1;

Theorem 2.1: (King’ang’iet al., 2014).

LetHbe a complex Hilbert space and B(H) be algebra of all bounded linear operators on H. Let Ezbe the
elementary operator on B(H). If for an operator W € B(H)with || W |l= 1, we have W (x) = xwith all unit
vectors x € H, then || E; II= Ya=1 Il A; Illl B; II.

King’ang’i (2017) employed the concept of the maximal numerical range of A*Brelative to Bto determine the
lower bound of the norm of an elementary operatorof length two and obtained theorem 2.2 ;

Theorem 2.2: (King’ang’i, 2017).

Let Ezbe an elementary operator of length two on B(H). Then
yi

Il E2 | = Supaewpas Il By Il A1 + mAz Il.
1
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King’ang’i (2017) also determined the conditions under which the norm of an elementary operator of length two
is expressible in terms of the norms of its coefficients operators by proving Corollary 2.3;

Corollary 2.3: (King’ang’i, 2017).

Let Hbe a complex Hilbert space and A;, B;be bounded linear operators on Hfori = 1,2. Let0 €
Wy (B*B ) U (B B ) hen|l E | > A |||| B I, where E isthe elementary operator of length two.
1 1 2 B2 1 2

Theorem 2.4: (King’ang’i, 2017).
Let H be a complex Hilbert space and A;, B;be bounded linear operators onHfor i= 1, 2. Let Ezbe an elementary
operator of length two. If [l A1 llll A3 ll€ W4 1(A 2A*l)andll B1 Il B; lle WBZ(B*IBZ)then
2
NE2 1= 23 11 A; Il By I
i=1

Kawiraet al. (2018) extended the work of King’ang’iet al. (2014) to finite length and determined the norm of an
elementary operator of an arbitrary length in a C*-algebra using finite rank operators and proved theorem 2.5;

Theorem 2.5: ( Kawiraet al., 2018).

Let Hbe complex Hilbert spaces and B(H) be the algebra of bounded linear operators on H. Let E,be
elementary operator on B(H).If vX € B(H) with || X ll= 1, we have X(f) = ffor all unit vector f €H then;
Il ExlI=2% TA: I Bi ll,n €N.

Muiruri et al. (2018) used the principles of tensor products and the finite rank operator to find the norm of the
basic elementary operator in a tensor product of C*-algebras and established the following theorem 2.6:

Theorem 2.6: (Muiruriet al., 2018).

Let Hand Kbe complex Hilbert spaces and B(H @ K) be the set of bounded linear operators on H @ K. Then
VX ®Y e B(H QK)with|| X QY = 1, we have | Magpcgp I=1 A Il B Il C Il D |I, where A4, Cand
B, Dare fixed elements in B(H) and B(K) respectively.

Due to the aforementioned, Muiruri et al. (2018) determined the relationship between the norm of basic
elementary operator in C*-algebra with the norm of the basic elementary operator in tensor product of C*-
algebras, arriving to the conclusion 2.7 below;

Corollary 2.7: (Muiruriet al., 2018).

Let Hand Kbe complex Hilbert spaces and B(H & K) be the set of bounded linear operators on @ K. Then
Then

VX @Y €B(H Q K)with | X ® Y II= 1, we have || Maggcep 1=l Mac Il Mg p Il, where My cand Mg
are basic elementary operators in B(H) and B(K) respectively.

Subsequently, Daniel et al. (2022) got the following theorem 2.8 by determining the norm of the basic
elementary operator in a tensor product using the concept of Stampli maximal numerical range;

Theorem 2.8: (Daniel et al., 2022).

Let Hand Kbe Hilbert spaces and let M 45 cgpbe basic elementary operator on B(H & K) the set of complex
Hilbertspace H Q K.IfvU Q V € B(H Q K) with||U Q V II= 1,A,C € B(H),B,D € B(K){ €
Wo(C),§ € Wo(D) then we have || Mygp,cop\B(H @ K) I= Sup; ewoo)Supg ew,{I<IIS1 11 A Il B 1}
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Finally, Daniel et al., (2023) determined the bounds of the norm of elementary operator of length two in tensor
product using the Stampli’s maximal numerical range and obtained theorem 2.9;

Theorem 2.9: (Daniel et al., (2023).

Let Hand Kbe Hilbert spaces and let M5 cgpbe basic elementary operator on B(H & K) the set of complex
Hilbert space H Q K.If VU ® V € BH Q K) with|U ®V = 1,4, C; € B(H),B;, D; € B(K){; €
Wo(Cy), & € Wo(D;) then we have || Mzagp,cep\B(H @ K) I= Supgewyc)SupsewompiISill&:l I A Il By 1I}

Muiruri et al. (2024) investigated the bounds of the norm of an elementary operator of finite length in a tensor
product of C*-algebras using the concept of finite rank operator and properties of tensor product of C*-algebras
and obtained the theorem 2.10.

Theorem 2.10 (Muiruri et al., 2024)

If H and Kare complex Hilbert spaces and B(H @ K), the set of bounded linear operatoron H @ K. If
VXQ®Y eBH®K)and | X ®Y ||=1 then;

n

NT =22 WA B 1 C; 1D I

i=1

, Where T, is the Elementary operator of finite length as defined earlier and 4;, C; € B(H) and B;, D; € B(K).

Muiruri et al. (2024) also determine the bounds of the norm of Jordan elementary operator in tensor product of
C*-algebras and obtained that:-

Theorem 2.11(Muiruri et al., 2024)

Let H @ K be tensor product of Hilbert spacesH and KandB(H @ K) be the set of bounded linear operator
onHQ K. Then X ®Y € B(HQK) with| X ® Y ll= 1 we have;

| Usgpcop I=2 1A B IIC I DI
, where Uagp cgp 1S the Jordan Elementary operator as defined earlier and 4,C € B(H) and B, D € B(K).

Now, as our main result, we investigate the bounds of the norm of an elementary operator of length two in a
tensor product of Cx-algebras using the concept of finite rank operator and properties of tensor product of C*-
algebras.

Theorem 1.12

Let H @ K be tensor product of Hilbert spacesH and KandB(H @ K) be the set of bounded linear operator
onHQ@K. ThenvVX QY € B(H®K) with] X ® Y ll= 1 we have;

2
NT2 01=22 WA 1B I C; 11D I

i=1

, where T, is the Elementary operator of finite length as defined earlier and A;,C; € B(H) and B, D; € B(K).

Proof
By definition || T:\B(H @ K) I=sup{ll T:(X @ YV) I}, VXQYEBHQK),IXQY I=1

ITABHQK I=2IT:XQY) Il VXQYEBHQQK),IXQYI=1
Then we have, Ve = 0

ITABHQK) I —e<IT:2(XQY) I VXQYEBHQK,IXQY =1
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2
Il T2\B(H @ K) I —& <l ¥ A®Bi(X®Y)C:®D; lI=Il A1®B1(X®Y)C1®D1 + A:@B2(X®Y)C2@D: ||
i=1
Using the property of tensor product of operators, A;®B;(X®Y) = A;X®B;Y, then;
I T:2\B(H ® K) | —¢ <l A1XC1®B1YD1 + A2XC2®B2Y D, ||
Therefore by triangular inequality;
Il T2\B(H ® K) |l —& <|l A1XC1®B1YD1 || +Il A2XC2@B2YD: ||
Clearly, using the tensor product property that || A:XC;:®B;YD; =l A:XC; Il B:YD; |l
Then;
Il T2\B(H ® K) Il —& <Il A1XC1 Illl B1YD1 Il +Il A2XC2 Il B2YD2 |l
Since £ > 0 was arbitrarily taken then
I T:\B(H ® K) I<Il A1XC1 Illl B1iYD1 Il +1l A2XC2 Il BzYD> |l (2.1)
Since: Il AXC; I<Il A XN C; =N A; Il C; Nisince Il X I=1
Thus;
I AXCi I<Il A Il C; I
Also || B;YD; II<Il B; l'Y Il D; I=I1 B; Illl D; I since | Y I=1
Then;
Il B:;YD; I<Il B; Illl D; II

Thus equation 2.1 becomes

I T2 Il Ax 1 B1 W1 Ca 1 D I +11 Az 11 B2 I C2 1 D2 I
This can be written simply as;

I T2 lI< Z§=1 I A; 1 B; MEC: Dy I (2.2)

Conversely, let there exist unit vector (e®f) of H @ K where e € H and f € K then

Il T2(X®Y)(e®f) II<Il T2(X®Y) Il (e®f) I<Il T2 Il (X®Y) lll (®F) I=I T2 M X WY Wl e lll £ I=Il T2 Il
Reversing the above equation becomes;

I T2 121 T2(X®Y) (e®f) II=Il {A1®B1(X®Y)C1®D1 + A2®B2(X®Y)C.QD2}(e®f) |l
=|| A1®B1(XQ®Y)C1QD1(e®f) + A2QB2(X®Y)C2®D2(e®f) =1l A1XC1e@B1YD1f + A2XC2e®@B2YD:f |l
Therefore;
I T2 11l A1XC1e®B1YD1f + A2XC2e@B2Y Do f |l (2.3)
Thus if we square both sides of equation (2.3):
I T2 I?=1l A1XC1e@®B1YD1f + A2XC2e@BYD:f |I?
= (A1XC18®51YD1f + AzXCze@BzYsz,A1X618®51YD1f + AzXCze@BzYsz)
= (A1XC1€®B1 Yle,A1XC16®31YD1f + AzXCz@@BzYsz) + (AzXCzE@BzYsz,A1XC1e®B1 YD1f + AzXCz€®BzYD2f)

= (A1XC1e®B; YD1f, A1XC18®51YD1f> + (A1XC18®51YD1f, AzXCze@BzYsz) + (AzXCze@BzYsz,A1XC1€®31YD1f)

+(A4,XC2eQ®B; Ysz, AXCre@B> Ysz)

©2024 Published by GLOBAL PUBLICATION HOUSE |International Journal of Mathematics



Peter Guchu Muiruri., (2024) Int. J. Mathematics. 07(08), 01-09

Since (X1®Y1, X2Q®Y2) = (X1, X2)(Y1, Y2)then:
= (A1XC1e, AIXC1€)(B1YD:f, B1YD1f) + (A1XCre, A2XC2e)B1Y D1 f, BoYDof ) + (AoXCoe, A1XC1e)(B2Y Dof, BrYD:f)
+(A2XCae, A2XC2e){B2Y Dof, B2YDsf )
=|l A1XCie |2l BYD:f 1124 (A1XC1e, A1XC1e){B1YD1f, B2YDof ) + {A2XCae, A1XC1e){B2Y D f, BYD1 f)

+1l A2XCae 1121l B2YD:f 112(2.4)
Now, let u;, v;: H — R+ be functionals for i = 1,2
Choose vectors y, z € H and define finite rank operators 4; = w;®y and C; = v;®z on H for i = 1,2by
Aie = (u®y)e =u(e)yvVe € Hwith |y ll=1i = 1,2and Cie = (vi®2z)e = v;(e)zwith || z II= 1i = 1,2
Observe that the norm of 4; for i = 1,2is:
Il A; lI= sup{ll (w®y)e ll:e € H, Il y =1}
=sup{llw;(e)y l:e € H,Il y = 1}
=sup{lw(e)| ly l:e € H 1l y lI= 1}
= sup{|ui(e)|:e € H} = |u;(e)|
Thatis Il 4; l= |u;(e)|V e € H with i = 1,2
Likewise, the norm of C;is|l C; ll= |vi(e)|V e € H with i = 1,2
From Equation 2.4 above then:
I A1XCre 12=Il (w1®Y)X (v1Qz)e II?
=l w®y)Xvi(e)z II?
=l vi(e)(u1®y)X(2) II2
= v1(e)? | (w1 ®y)X(2) II?
= [vi(@? I ua(X(2)y 112
= [vi(@)Fur (X (@)% Il y 112
= |vi(@) 2 lur(X(2))[2 =1l A1 112l Cy 112
Thus Il A1 XCre 12=Il A1 1211 C1 112 (2.5)
Thus using the same concept also:
| BiYD1f I12=II By 121l D1 112 (2.6)
I A2XCoe 12=11 Az 1121 C3 II? 2.7)
I BYDof II?=Il B2 II?ll D II? (2.8)
Also: (A1XCre, A2 XCoe) = (u1®y)X (v1®2)e, (U2@y)X (v.®2)e)

= ((1®y)Xv1(e)z, (U8y)Xv2(€)z)
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= (v1(e) W1®y) Xz, v2(e) (U)X 2)

= (v1(e)u1(X(2))y, v2(e)u2(X(2))y)

= vi(Qui(X(2)v2(e)ua(X(2))(y, y)

= vi(ui(X(2))v2(e)u2(X(2))
Since v1(e), u1(X(2)), v2(e) and u(X(z)) are all positive real numbers, we have:
vi(e) = [vi(e)l =1l €1 lui(X(2) = [wi(X ()| =1l A1 I, v2(e) = |v2(e)| =l C2 Il and
u2(X(2)) = [u2(X(2)] =Nl Az |l

Thus we have (41X Ce, A2XCre) = vi(e)u (X (2))v2(e)ua(X(2)) =N C1 Il A1 11 Co Il Az |l
Since the norms of 4; and C; for i = 1,2are scalars then :
(A1XC1e,A2XCre) =1l A1 Il Az Il C1 11l C2 11(2.9)
Hence using the same concept as above then:
(B1YD:1f, BoYDof ) =1l Byl Bz Il D1 Il D2 |l (2.10)
It then follows that (4,XCze, A1XC1e) = (u2®@Y)X (v.@2)e, (1Y) X (v1®z)e)

= (W2®y)Xv2(e)z, (u1®y)Xv1(e)z)

= (v2(e) (W2®Y) Xz, v1(e) (W1 ®Y)Xz)

= (n2(e)u2(X(2))y, vi(e)ui(X(2))y)

= vz()u2(X(2)vi(ur(X(2))(y, y)

= v2(@)u(X(2))v1(e)ur(X(2)) =Il C2 Il A2 Il C1 1 Ay I

Since the norms of 4; and C; for i = 1,2are scalars then :
(A2XCze, A1XCre) =l Ay T Az I Co N C2 Il (2.10)
Thus using the same concept then:
(B2YDyf, B1YD1f) =l By ll By I Dy NI D2 I (2.12)
Thus substituting equations 2.5 to 2.12 in 2.4 then
Il T 221 Ay 120 By 121l C1 01210 Dy 112 1 Ay I By I C1 Il Dy N A2 I B2 I C2 1l D2 1l +
Il A1 I B I Co I D1 1Az Bz 11 C2 I D2 Il 11 A2 121l B 1121 C2 1121l D2 112
I T 1221 Ay 120l By 12 C1 121 Dy 112+ 2 11 Ay I By L C I Dy I Az Il B2 Nl C2 NIl D2 Il 41 Az 1121l B2 1211 C2 121l D2 12
This implies that:
I T2 12={A1 I B1 Il C1 M Dy Il +1 A2 Il B2 Il C2 111l D2 1}2

Thus obtaining square root in both sides:

T2 1= Aq 1By HECo Dy 1Az B2 HHEC2 D2 I
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Finally, it’s clear that:
T2 1= X5, 1A I B I Ci Il D; 11(2.13)

From (2.2) and (2.13) then

2

Il TAB(H®K) ll= 232 Il A; 1l B; I C; 1l D; I

i=1

CONCLUSION

From the main result the paper have extended the definition of elementary operator in tensor product of C*-
algebras to other examples of elementary operators and determined the bounds of the norm of elementary
operator of length two in tensor product of C*-algebras. The norm of other types of elementary operator like left
and right multiplication operators and inner and general derivation operators in tensor product of C*-algebras
can also be determined.
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