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Abstract

The study of operators in Hilbert spaces holds significant importance, finding broad applications in diverse
fields such as computer programming, financial mathematics and quantum physics. Many authors have
extended the concept of normal operators in an attempt to provide practical solutions to complex problems
in diverse fields. This paper focuses on a class Q* operators in a Hilbert space H. An operator T € B(H)

(where B(H) represents bounded linear operators acting on H) is said to be class Q* if T *2T 2 = (TT *)2. By
considering the properties of normal operators and other operators related to normal the study investigated

the commutation relations and properties unique to class Q* operators. The study shows that if two operators
T, S € Q* are such that the sum (T + S) commutes with (T + S)*, then (T + S) € Q* and the product
TS € Q* if T and S commute with their adjoint. The results of this research are a valuable resource for

mathematicians and physicists interested in the properties and applications of class Q* operators fueling
further innovations in functional analysis.
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1 Introduction

Throughout this paper B(H) denotes the algebra of all bounded linear operators on Hilbert space H. A linear
operator T on a Hilbert space H is said to be bounded if there exist a constant ¢ > 0 such that || Tx| =

clixllvx e H [1]. T is called self-adjoint if T = T *, invertible with inverse S if there exists S € B(H) such
that ST = / = TS where / € B(H) is the identity operator. An operator T € B(H) is said to be normal if
it commutes with its adjoint i.e (T*T = TT *), equivalently T*T — TT* = 0. An operator T € B(H) is said
to be positive if T* = T and (Tx, x) = 0 Vx € H . An operator T € B(H) is said to be n-power normal if
TNT *=T*T" for n € N [2], class Q operator if forany T € Q [3], T*2T2 = (T*T)2. T € B(H) is called a class
Q* if T*2T 2 = (TT *)2 [4] and Quasi-class Q if T*3T3 — 2T *2T2 + T*T = 0 [5]. An operator T € B(H) is in
class u if T2 =—T*2 An operator T € B(H) is called an n-power-hyponormal operator if T"T* < T*T". This

class includes all normal, all n-normal [6] and all hyponormal operators. An operator T € B(H) is Binormal

if T*T commutes with TT *, That is (T *T )(TT *) = (TT *)(T *T). [4] studied class Q* operators and looked
at properties such as adjoint, the inverse and operators unitarily equivalent to operators in class Q* operators.
This paper will study other properties of class Q* operators that have not yet been studied.

2 Methodology

[7] introduced class Q operators on a Hilbert space where an operator T € B(H) isinclass Qif T*2T2 = (T *T)2.
Class Q operators were enlarged to n power class Q operators by [3]. [4] studied class Q* operators, showed
that class Q* operators differ from class Q operators, and stated some of the properties as seen in Proposition 2.1.

Proposition 2.1: [4]
Let T € B(H), if T € Q*, then the following hold:
(i) T*2 is in Q*
(ii) T-1 € Q* provided it exists.
(iii) Any operator S € B(H) that is unitarily equivalent to T is also in Q*.

Many authors have also investigated other properties such as Cartesian decomposition on different operators
in Hilbert spaces. For instance, [2] studied Cartesian decomposition on n-normal operators and the results are
stated in Proposition 2.2.

Proposition 2.2: [2]
Let T € B(H) with the Cartesian decomposition T = A + jB where A and B are self-adjoint operators. Then
T is a 2-normal operator if and only if B2 commutes with A and A2 commutes with B.

[8] proved that if T € B(H) with the Cartesian decomposition T = A + jB where A and B are self adjoint
operators, then T is binormal if and only if

(i) AB3 + B3A = A3B + BA3
(i) A2BA + ABA2 = B2AB + BAB?

In [9], the author showed that if T € B(H) with the Cartesian decomposition T = A + jB, then T € u if and
only if A2 = B2,

This paper will focus on various properties of class Q* operators that have not yet been studied. These properties

include convexity, Cartesian decomposition, sum and product, direct sum and the tensor product of class Q*
operators.
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3 Results and Discussion

Example 3.1 illustrates that class Q* operators are not convex.

Example 3.1 1 o > o
Consider two operators T, S € Q* such that T = and S =
-1 0 0 1
LetM=1T+ 1S
2 2

1 1 0

M== +1 2 R 1 0_ 2 o0
2 -1 0 20 1 -1 ot o 27T 2 1
2 2 2 2
3 1
M*= 3 2
0 3
3 1 3 _1 9 1
M*¥= 2 T2 2 T2 - a1
o L o ¢ o I
m2= % 0 2 0 _ % 0
~1 1 11T 3 1
2 2 2 2 4
9 7 1
/\/[*2 2: z —1 T 0 _ 16 T a
o 1 -1 t = 1 1
4 4 4 4
mMmx= 1 o 2 -2 _ 3§ _3
1 1 g 1 _3 1
2 2 2 4 2
S S S S T -
MMy = 4% 4 5 1 = 3
4 2 4 2 16 16

Now M *2M?2 /= (MM *)2 , M £ Q* and therefore Q* is not convex.

Theorem 3.2 gives the results for the Cartesian decomposition on class Q* operators on a Hilbert space.

Theorem 3.2

Let T € B(H) with the Cartesian decomposition T = A + iB where A and B are self-adjoint operators
T € Q* if

(i) ABAB + BABA = A2B2 + B2A2
(ii) A3B — 2B3A — 2BA3 — ABA2 =0
Proof

. Then

Since T € Q*, then T*2T2 = (TT*)2
Now T =A+iB,T*=A—iB

TT+*=(A+iB)(A—iB)=A2—iAB +iBA + B2

T*2=(A —iB)(A —iB)=A2 —iAB — iBA — B2
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T2=(A+iB)(A+iB)=A2+AB +iBA — B2

T*2T2 = (A2 — jAB — iBA — B2)(A2 + iAB + iBA — B?)
= A% +iA3B + iA2BA — A2B2 — [ABA2? + ABAB

(3.1)
+ AB2A — iAB3 — jBA3 + BA2B + BABA
+iBAB2 — B2A2 — jB2AB — iB3A + B4
(TT*)2 = (A2 — jAB + iBA + B2)(A2 — jAB + iBA + B2)
=A% — jA3B + iA2BA + A2B2 — jA3B — ABAB (3.2)
3.2
+ AB2A — jAB3 + iBA3 + BA2B — BABA
+ iBAB2 + B2A2 — [B2AB + iB3A + B*
Since T € Q*, then equation (3.1) must equate to equation (3.2).
On further simplification,
T*2T2 = (TT*)2
=JiA3B — A2B?2 — [ABA2 + ABAB — iAB3 + BA2B + BABA — B2A2 — |B3A
= —iA3B + A2B2 — JA3B — ABAB + iBA3 — BABA + B2A2 + iB3A
Equating the real part, we have
ABAB + BABA — A2B?2 = A2B? + B2A2 — ABAB — BABA
== ABAB + BABA = A2B2 + B2A2
== AB=BA
Thus A commutes with B
Equating the imaginary part, we have
iA3B — iABA2 — [BA3 — jB3A = —iA3B — jiA3B + iBA3 + iB3A
A3B — ABA?2 — BA3 — B3A = —A3B — A3B + BA3 + B3A
Which means
2A3B — 2B3A — 2BA3 — ABA? =
O

Theorem 3.3 states the result on the commutation relation in class Q* operators.

Theorem 3.3
Let Tand S be bounded linear operators in Q* such that the sum (T +S) commutes with (T + S)*. Then

(T+S) € Q*.
Proof

(T+S)*2A(T +S)2=(T+S)X(T+S)*(T+S)(T+5S)
=(T +S)*(T +S)T +S)*(T +5)
=(T +S)(T +S)*(T + ST +S5)*
= (T + ST + S)T + S)*(T +S)*
= (T +S)%(T + S5)*2
= (T +S)T +5)*)?
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Hence (T + S) € Q*
O
Example 3.4
Let T and S be operators in class Q* such that
T = 10 and S = 2.0
0 1 0 1
1 0 2 0 3 0
(T+35) = 1 70 1 T o0 2
(T +95)* = 30
2

(T +S)(T +95)* = 03 5

(T+8)=(T+5)= > -
0

2 0 2 0 4
Now
3 0 3 0 9 0
2 — —
(T+S)*2="49g 5, o9 2 =0 a4
3 0 3 0 9 0
2 — =
(T +3) 0 2 o0 2 0 4
(T+S)*2T+S)2= 9 0 9 0 _ 81 0
0 4 0 4 0 16
(rrepo( 3 0 3 0,_ 9 0, 8 0
0 2 0 2 0 4 0 16

Hence (T + S) € Q*

Remark 3.5
If two operators T, S € Q* are such that the sum T +S does not commute with (T + S)* then T+ S is not

necessarily in class Q* operators.

Example 3.6 shows that the sum of two operators T and S in class Q* such that
(T +S)(T +S)* /=(T + S)*(T +S) does not belong to class Q*.

Example 3.6
let T = 1 _11 and S = é (1) be two operators in class Q*.
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T4+S= 1 —1 + 2 0 _ 3 —1
1 1 0 1 1 2
(T +5S)* = 3 !
—1

3 —1 3 1 10 1
(T +S(T +95)* = 1 2 1 2 = 1 5
3 1 3 —1 10 -1
(T +S)*(T +5) = -1 2 1 2 = 5

Therefore (T + S) is not normal.
Consequently,

3 1 3 1 g8 5
2 — —_
(T+S)y2=" 41 5 _1 2 = -5 3
8 5 8 —5 89 —25
2 2 — —
(T+SAT+S)2= 5 3 5 3 = 5
3 —1 3 10 1 10 1 102 15
2 — 2 — —
(T+ST+5))92=( 41 ,° 3 2P= 1 5 1 5 = 15 ¢

Clearly (T +S)*%(T +5)2 /= ((T + S)(T +S)*)2 and so (T +S) € Q*

The result on the product of two class Q* operators is given in theorem 3.7

Theorem 3.7
Let Tand S be bounded linear operators in Q* such that T and S commute with their adjoint. Then (TS) € Q*.
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Proof

(TS)*2(TS)2 = (TS)*(TS)*(TS)(TS)
= S¥T*S*T*TSTS
= SKT*S*TT*STS
= THS*TS*ST*TS
= THTS*SS*TST *
= TT *SS*TS*ST *
= TST*#TS*SS*T *
= TSTT *#SS*T *5x*

TSTST *S*T *S*

(TS)>((T *5%))?

= (T5)*((TS)*))?

= ((TS)(Ts)*)?

Now (TS)*2(TS)2 = ((TS)(TS)*)2 implying that (7S) € Q*

O
Example 3.8 ) ) 0 .
Consider two operators T,S € Q* such that T = and S = !
2 2 i 0
T* = 2 2 and S* = o
-2 2 i 0
Ts* = 2 —2 0 —i _ —2i —2/-
2 2 i 0] 2i —2i
S*T = .O —i 2 —2 _ —.2/ —2.1
i (0] 2 2 2i —2i

Therefore TS* = S*T

Therefore T*S = ST*

TS =
2 2

2 =2

T*s = 2 2
-2 2
ST* = 0O —i
i 0
—2i =2i
2i —2i

0 —i _ 2
i o 2i
2 2 _ 2
-2 2 2i

Let the product TS be M Mis a class Q* operator since

M =

—2i —2i
2j —2i

2i
2i 2i

—2i

—2i
2i

—2i
2i
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2i 2i 2i
M2 = —2i  —2i —2i
2i —2i 2i
M*¥2M2 = 0 8 0
-8 0 8
MM * = —2i —2i 2i
2i —2i 2i
(MM*)Z _ 8 0 8
0 8 0

Therefore M is class Q* since M*2M2 = (MM *)2,

Remarks 3.9

The commutation relation of the operator with the adjoint of the other should not be ignored; otherwise, the

operators’ product will not be class Q* as seen in example 3.10.

Example 3.10

Let T = 0 and S = 0 be two operators in class Q*.
0o 2 —1 0
1 0 0
™= 90 2571
T6* = 1 0 o —1 _ 0 1 /= s*T
0o 2 1 0 2
;e 1 0 0 1 _ 0 1/=5T*
0o 2 —1 0 —2 0
Consequently, the product TS £ Q*.
Let M =TS = 10 0 1 = 0 1
0o 2 —1 0 —2 0
M* = 0 2
1 0
M*2 = 0 —2 0 -2
1 0 1 0
M2 = 0 1 0 1
—2 0 —2 0
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M*2M2 = —2 0 —2 o _ 4 o0
0 -2 0 -2 0 4
MM * = 0 1 0o -2 _ 1 0
—2 0 1 0 0 4
(MM 1.0 1.0 _ 1 0
0 4 0 4 0 16

HenceM *2M?2 /= (MM *)2.

The study of direct sum and tensor product of operators in Hilbert spaces has been a topic of interest for many
researchers. [6] proved that the direct sum and tensor product of two operators in SN are in SN . Later, [9]
showed that the direct sum and tensor product of two operators in yare in u. [10] showed that if Ty, Ty, ...Tm are
n-power-hypornormal operators in B(H), then ;@ T ... B Tm and 1 ® T2 ® ... ® Tm are n-power-hyponormal
operators.

Theorem 3.11 gives the results of the direct sum and tensor product of operators in class Q*.

Theorem 3.11
Let Ty, T, ...Tm be normal operators in class Q*, Then;

(). &.D..DTmEQ*
(MM RP®NLQ...RTh € Q*F

Proof. (i)
(MOTLD.OTH)*(T1DT2® ... D Tm)?

-&T%@%% & Eﬁ%?% INEBEE - 8 I L& L& &y
SO @ O TN FT RO BT TnL O T, D .. ® To)

=(T*‘Lea Q. OTH)NT* QLT .. @Tn )@ T ®... D Tn)
=TT . OTHNLEL® . DTS ®. . OT)NNOLD ... & T
=TT L. . BT T @ T L@ .. T Ty 7

(M OLT*@. . OTIT* (T ® LT ® ... ® THT*)

MO . @rm)(r*eaf’lea ]ear*)(ﬂearzea ET)T*DT*D .. BT
CMOT®.. T T hO P NH® . BT T ®T*®... & T+ )
=S(MOLO.OTH)MT* DT D ... ® Trm *)(T*@T*@ .eTH
OO . O OhL® .. O O TP eaﬁ)(r*eaf’%ea T
=(MOLO.OTHT*BT*D...dT*)2t 2

(OB .. O TH)(T DT ... & T

Now, (T1 D T2 @ ... D Tm)*(T: @ Tz B. BT =(T1OTD...H Tm)(T* 99 T*2® o ® T*m))2

Hence T1 P T, ... D Tm € Q*

Proof. (ii)
Let x4, X2, ...Xm € H

MAONLK. T (MAOT Q.. R Tman®x & ... & xm)

SRR RPN R R KRB R I & 18 STl Sad &

—(T*i@r*i@ ®TW)(TQ;T1®T:TZ® BT T T ® T2 ® ... ® Tr)x2 @ X2 ® .. ® xm)

209



Edith et al.; Asian J. Pure Appl. Math., vol. 6, no. 1, pp. 201-211, 2024, Article no.AJPAM.1654

S(TFRT* R QT TT*RNT* Q.. QTrT* MO T ® ... ® Tm)(x1 @ %2 @ ... ® Xm)
S(TH*RTFR.QTI(MINLE . VTR R. QT N MAOT Q... ® Tn) i ®x ... ® Xm)
(TR T* L. BT TN QT L Q.. FT* Tn)(x{'® x2 ® ... ® xm)
SMH*QNnt+*@.QTAT* (M@ N+ ® .. THT* ) @ x: ® ... ® xm)

S(MOTLE. . BTHT*RTR.BTHNARLE® .. AT T*RT*® ... QT+ )1 @ x2: & ... ® Xm)
=ML . QTT* AT NLQ .. @ T+TnT*QT* 1 ®T*)51 @x2 ® 7 ® xm)
=ML QTHMT*RNT*R..QTnT* )IT* R T R ... AT\ ®x ® ... ® xm)
SMOANR.QT(MAOTL®..TH(T*RTFR... ® T+) )T ®’7‘* ®.QT*)x1 QX2 ® ... ® Xm)
SMOLE..QTnAT*QT* . BT b @3 ®...® Tn) m

(MO ®...® rm)(r*1® 7*22@ - ® Tﬁ))zm ®x Q... ® Xm)

Therefore IR T Q... ® Tm € Q*

4 Conclusion

This study focused on class Q* operators and their characteristics in Hilbert spaces. Several properties, including
convexity, cartesian decomposition, sum and product and direct sum and tensor product have been investigated.

Future research plans to explore the spectral properties of class Q* of operators.
Acknowledgement

The authors are grateful to the referees for their valuable suggestions and comments which have helped improve
this work.

Disclaimer (Artificial Intelligence)

Author(s) hereby declare that NO generative Al technologies such as Large Language Models (ChatGPT,
COPILOT, etc) and text-to-image generators have been used during writing or editing of this manuscript.

Competing Interests

The authors declare that no competing interests exist.

References
[1] Conway B. A course in functional analysis. Graduate Texts in Math. Springer;1985.
[2] Alzuraiqi A, Patel A. On n-normal operators. General Mathematics Notes. 2010;1(3):61-73.

[3] Senhthilkumar D, Parvatham S, Vimala V. Some properties of n-class Q operators. International Journal
of Pure and Applied Mathematics. 2017;117:53-59.

[4] Wanjala V, Nyongesa M. On class (Q*). International Journal of Mathematics And its Application.
2021;9(2):227-230.

[5] Devika A, Suresh G. On some properties of Quasi-class Q operator. International Journal of Applied
Mathematics and Statistical Sciences. 2013;2:63—68.

[6] Jibril A. On operators whose squares are 2-normal. Journal of Mathematical Science: Advances and
Applications. 2011;8:61-72.

[7] Jibril A. On operators for which T*2T2 = (T *T)2. International Mathematical Forum. 2010;5(4):2255-2262.

210



Edith et al.; Asian J. Pure Appl. Math., vol. 6, no. 1, pp. 201-211, 2024, Article no.AJPAM.1654

[8] Panayappan S, Sivamani N, Jibril A. On n-binormal operators. General Mathematical Notes. 2012;10(1):1-8.
[9] lJibril A. On u operators. International Mathematical Forum. 2013;8(24):1215-1224.

[10] Messaoud G, Mostefa N. On n-power-hyponormal operators. Global Journal of Pure and Applied
Mathematics. 2016;12(1):473-479.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s)
and contributor(s) and not of the publisher and/or the editor(s). This publisher and/or the editor(s) disclaim responsibility for any injury
to people or property resulting from any ideas, methods, instructions or products referred to in the content.

© Copyright (2024): Author(s). The licensee is the journal publisher. This is an Open Access article distributed under
the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser address
bar)

https://prh.globalpresshub.com/review-history/1654

211


https://prh.globalpresshub.com/review-history/1654
http://creativecommons.org/licenses/by/4.0

