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ABSTRACT

HIV/AIDS remains one of the leading causes of death worldwide with its effects most devastating in
Sub-Saharan Africa due to its dual infection with malaria and tuberculosis. This study presents a co-
infection deterministic model defined by a system of ordinary differential equations for HIV/AIDS,
malaria and tuberculosis. The HIVV/AIDS model is analysed to determine the conditions for the stability
of the equilibria points and assess the role of treatment and counseling in controlling the spread of co-
infections. This study shows that effective counseling reduces the value of the reproduction number for

HIV/AIDS (R, ) to less than unity eliminating the problem. Numerical simulations show that applying

anti-retroviral (ARV) treatment without effective counseling increases the value of R,,, worsening the

HIV/AIDS problem. However, ARV treatment coupled with effective counseling reduces the value of
R,, to a level below one eliminating the disease. Also when the proportion of those receiving ARV

treatment without effective counseling increases, the value of R,, also increases to a level above one.
Therefore, strategies for control of HIVV/AIDS should emphasize counseling and not only treatment.
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BACKGROUND INFORMATION

Research at the interface of mathematics and biology is increasing, and virtually any advance in disease
dynamics to day requires a sophisticated mathematical approach in order to map out the parameters
necessary for control and containment of epidemic outbreaks. Infectious diseases, alongside
cardiovascular diseases and cancer, have been the main threat to human health. Acute and chronic
respiratory diseases, especially pulmonary tuberculosis, malaria and HIVV/AIDS are responsible for a
large portion of mortality especially in developing countries (Kramer et al., 2010).

Globally HIV/AIDS has killed more than 35 million people since it was first discovered in 1981 and
almost 70 million people have been infected with the HIV/AIDS virus making it one of the most
destructive epidemics in recorded history (World Health Organization (WHO), 2013). It remains one
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of the leading causes of death in the world with its effects most devastating in Sub-Saharan Africa. One
of the key factors that fuels the high incidence of HIV/AIDS in Sub-Saharan Africa is its dual infection
with malaria and tuberculosis (Martin et al., 1995). World Health Organization statistics show that
tuberculosis (TB) is the most common illness and the leading cause of death among people living with
HIV/AIDS, accounting for one in four HIV/AIDS related deaths and at least one-third of the 34 million
people living with HIV/AIDS worldwide are infected with latent TB. Persons co infected with TB and
HIV/AIDS are 21-34 times more likely to develop active TB disease than persons without HIV/AIDS.
In 2011, there were an estimated 1.1 million HIV/AIDS positive new TB cases globally and about 79%
of these people live in Sub-Saharan Africa (WHO, 2013).

According to the World Health Organization report of April 2008, malaria increases the viral load in
HIV/AIDS patients. Conversely HIV/AIDS increases the risk of malaria infection and accelerate
development of clinical symptoms of malaria with the greatest impact on the immune suppressed
persons (WHO, 2008). Since the co-infections were recorded, malaria has seen a 28% increase in its
prevalence and malaria related death rates have also nearly doubled for those with co infections (Centre
for Desease Control (CDC), 2007). The co infection between malaria and HIV-1 is the commonest in
Sub-Saharan Africa and, to a lesser extent, in other developing countries. It is estimated that 22 million
Africans are infected with HIV-1, and around 500 million are suffering from malaria annually (WHO,
2013).

Hohman and Kami (2009), discovered that HIVV/AIDS and malaria have similar global distributions.
The discovery motivated a study on the impact of HIV/AIDS and malaria co infection and established
that globally, 500 million people are infected with malaria annually resulting in one million deaths
yearly. Thirty three million people get infected with HIV/AIDS and 2 million die from it every year.
The study further showed that those with HIV/AIDS have more frequent episodes of symptomatic
malaria and that malaria increases HIV/AIDS plasma viral load and decrease CD4 + cells. During
episodes of parasitemia, HIV/AIDS infected people have an increase in viremia leading to potential
increase in risk of HIV/AIDS transmission. A comparison of the geographical distributions of
HIV/AIDS, TB and malaria especially in Africa, reveal that these three diseases have similar
geographical distributions suggesting a possible existence of HIV/AIDS, TB and malaria co infection.
This may be due to shared risk factors and/or the presence of opportunistic infections.

Audu et al. (2005) investigated the possible impact of co infections of tuberculosis and malaria on the
CD4 + cell counts of HIV/AIDS patients and established the following: The healthy control group
recorded a median CD4 + cell counts of 789 cells/ul (789 cells per mm?® of blood); subjects infected
with HIV/AIDS only recorded a median CD4 + cell counts of 386 cell/ul; subjects co infected with
HIV/AIDS and TB recorded a median CD4 + cell counts of 268 cell/ul; subjects co infected with
HIV/AIDS and malaria recorded a median CD4 + cell counts of 211 cell/ul and those co infected with
HIV/AIDS, malaria and TB recorded the lowest median CD4 + cell counts of 182 cell/ul. Motivated by
these findings, this study aims at developing a deterministic model exploring the joint dynamics of the
simultaneous co infections of HIV/AIDS, TB and malaria incorporating treatment and counselling for
the HIV/AIDS infected population. It represents the first deterministic mathematical model
incorporating HIV/AIDS, TB and Malaria co infections within a single model to gain insights into their
combined transmission dynamics and determine effective control strategies.

Model Formulation and Description

To study the dynamics of HIV/AIDS, malaria and TB co infection, a deterministic model is formulated
described by a system of ordinary differential equations. The model sub-divide the human population
into the following epidemiological classes:

Sh(t) - Susceptible population at time t, 1u(t) - Malaria infected population at time t,

Iu(t) - HIV cases at time t, 1a(t) - AIDS cases at time t, I+(t) - TB cases at time t.

Ium(t) - Those co infected with malaria and HIV at time t, lam(t) - Those co infected with malaria and
AIDS at time t, Iur(t) - Those co infected with malaria and TB at time t,

Iut(t) - Those co infected with HIV and TB at time t, lar(t) - Those co infected with AIDS and TB at
time t, lumr(t) - Those co infected with HIV, Malaria and TB at time t,
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lavt(t) - Those co infected with AIDS, Malaria and TB at time t. The total human population (Nu(t)) is
therefore denoted by: Nu(t) = Su(t)+ Im(t)+ T(t)+ la®)+ 11(t) + Tam(t)+ 1am(t)+ Tur(t)+ Tnr(t)+ 1ar(t)+
Iumr(t) + lamr(t). The vector (mosquito) population at time t denoted by Ny(t) is sub-divided into the
following classes: Sv(t) - Vector susceptibles at time t, Iv(t) - Vector infected population at time t. The
total vector population Ny(t) is given by Ny(t) = Su(t) + I(t).

Definition of Parameters

It is assumed that susceptible humans are recruited into the population at a constant rate either by birth
or recovery from malaria and TB. They acquire infection with either HIV/AIDS, malaria or TB and
move to the infectious classes. Susceptible mosquitoes are recruited into the mosquito population at a
constant rate. They acquire malaria infection following a blood meal feeding on infected malaria
humans, becomes infectious and move to the infectious class. The recruitment rate of humans into the
susceptible population is denoted by An while that of vectors (mosquitoes) is denoted by Ay and are
both assumed to be constant. The natural death rate of humans is given by d, while that of vectors is
given by d,. The death rates due to AIDS, malaria and TB in humans are da, dm and d: respectively. The
parameters dam, dmt, dar and dame account for the combined death rates in the law, Imr, lar and lamr classes
respectively. The parameters rn, and r; are the recovery rates from malaria and TB respectively due to
effective treatment. It is assumed that the recovered individuals do not acquire temporary immunity to
either or both diseases thus become susceptible again. The model assumes that susceptible humans
cannot simultaneously get infected with malaria, HIV/AIDS and TB since the transmission mechanics
are completely different for the three diseases. The model further assumes that humans acquire
HIV/AIDS through sexual contacts between an infective and a susceptible. The average force of
infection for HIVV/AIDS denoted Aan is given by

Ba(l=08)er (I + Iyne + Int)

Aap = : 2.1.1)

where f is the average transmission probability of HIV/AIDS between an infective and a susceptible
per sexual contact and c; is the per capita number of sexual contacts of susceptible humans with
HIV/AIDS infected individuals per unit time. The parameter 6 measures the effectiveness of counselling
through condom use and a reduction in the number of sexual partners, where 0 < ¢ < 1. Effective
counselling reduces the value of the parameter c1. The model assumes that the classes lumr, 1a, lam, lat
and lawr do not transmit the virus due to acute ill health and noticeable AIDS symptoms. Define a1 as
the number of bites per human per mosquito (biting rate of mosquitoes), fm as the transmission
probability of malaria in humans per bite thus the force of infection with malaria for humans, denoted
Amh S given by

Brn!'
Amp = —mV (2.1.2)
Ny

Whereas the average force of infection with malaria for vectors, denoted Am iS given by

Bo(In + 1 + Iy + Tane + 1 I
A a1 Py (I HM .‘LITY AM HMT + LamT) (2.1.3)
NH

where f, is the transmission probability of malaria in vectors from any infected human.

Finally the average force of infection for TB denoted Aw is given by:

N — Beea(It + Iut + Inr + Innar + Taner + Lat) (2.1.4)

Ath = Ni Z.1.
where S is the transmission probability of TB in humans and c; is the average per capita contact rate
of susceptible humans with TB infected individuals. The rate of progression from HIV to AIDS for the
untreated HIV cases is p. The parameters 61p, 6p and 6sp account for increased rates of progression
to AIDS for individuals co infected with HIV - TB, HIV - malaria and HIV - malaria - TB respectively
where 61 < 6, < 05. Define a as the proportion of the HIV/AIDS infected population receiving effective
treatment. This involves the administration of ARV ‘S that keeps the HIV patients from progressing to
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AIDS while transferring the AIDS patients back to the HIV classes. The modification parameters ey,
e" and e"n account for the reduced susceptibility to infection with HIV for individuals in the Iy, It
and the Iur classes respectively due to reduced sexual activity as a result of ill health where e", < 1, e
<1, e"w < 1. The parameters e™ , ™, €™y, €™y, account for the increased susceptibility to infection
with malaria for individuals already infected with AIDS, HIV, HIV - TB and AIDS - TB respectively
due to suppressed immune system where €™ > 1, €™, > 1, ™y > 1, "y > 1. It is also clear that €™ o <
e™ and e™ < €My The parameters e, €%, €', and e'am account for the increased susceptibility to
infection with TB for individuals already infected with HIV, AIDS, HIV malaria and AIDS - malaria
respectively due to suppressed immune system where €', > 1, e'a > 1, €' > 1, €'an > 1. Again ' < €'
and e'y < e'am. Malaria and TB does not lead to the depletion of the CD4* cell counts, however their
association with HIV/AIDS leads to a significant reduction in the CD4 + cell counts within an individual
leading to faster progression to AIDS.

The Model Equations
Combining all the aforementioned assumptions and definitions, the model for the transmission
dynamics of HIV/AIDS, TB and malaria is given by the following system of differential equations:

% = A+ rmda(t) + redr(t) — AanSu(t) (2.2.1)
—AmaSH(t) — MnSp(t) — dnSu(t)
(”ij;{t} = AmnSu(t) + redar(t) — roda(t) — el Aan Ing(t)
—Aendnr () — dpIng (1) — d Iar ().
% = ManSH(E) + rmlaa(t) + relgr(t) — (1 — a)pla(t)
—eT A n Tpr(t) — eb Aep T (8) — dy I (1) + o 4 (1).
TaAD) — (1=l ®) + ronLans () + relar(8) = €Z Ana(0)
—et AT alt) — dada(t) — dnla(t) — ol a(t)
PO AnSul®) + rondarr () = e Aankr (€)= Ama Tz (0
—d I (t) — de I (t) — v I ()
w = e Amndu(t) + b XanIne(t) + redaarr(t) — rdmas (8) — €f Aendras(t) +
ol an(t) — dm Trng (8) — (1 — @)B2plang (B) — dndmas(t)
% = (1 —a)feplun(t) + el dmrlalt) — rmlan(t) — dmTan(t) — olan(t)
trelaner(t) — el AenTane(t) — dnTane(t) — dalane(t) — dammTans(t).
% = Mnlar(t) + Amndr(t) — rendarr(t) — eh Nan Tt (t) — relasr(t)
—dpInr(t) = dodaer () — dedagr(t) = dmelarr.
fﬂ%:;{t} = ePAandr(t) + rendmaer () + e A Ter(t) — eliAmnlar(t) — (1 — )81 pIrr(t)
—dpIgr(t) — dedgr(t) — redur(t) + adar(t)
df 47 (t)

= egMla(t) + rodanr(t) + (1 — )y plyr(t) — alar(t)
—eni Amhdar(t) —dula(t) —dalar(t) — delar(t) — refar(t) — daeLaT.

dt
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dlppr(t m
T HMTAVY UT{ } = Eht’}‘mjﬂT(t} + E:Lm.-}l.thfjjﬂf{t} + ffg-tgﬁuhjﬁ.”'{t} + ﬂlI—‘L”T{f:I

dt
=T d g arr(t) = d T aer(t) = dpdgarr(t)
—(1 = a)fsplynr(t) = dedpyr(t) = reduyr(t) = dmed g
dl t
%TU = el Anndar(t) + el Anlan(t) + (1 = a)bsplyyr(t)
—Tdant(t) = dmLaner(t) = doLanr(t) = alanr(t)
—dpLamr(t) — dilapr(t) — redanr(t) — damelamr
dSy(t
#’i} = Ay = AmoSv(t) = duSy (1)
dly (t .
# = AmoSy(t) = doIy(2).

Positivity and Boundedness of Solutions

The model system 2.2.1 describes living populations therefore the associated state variables are non-
negative for all time 7 > 0. The solutions of this model with positive initial data therefore remain positive
for all time ¢ > 0.

Lemma 3.1. Let the initial data set be {(Sp(0), Sv(0) = 0), (Far(0), Ter(0), Ta(0),
Tr(0) . Trrar(0), Taar(0), Tprr (0), Terr(0). Tar (0). Trrasr(0), Taner (0). Hv-(0)) } € P,
Then the solution set {(Sp, Sv.Tar. T T, I Trne, Fane, Iarr, T, Lar . Lrrner,
T ansr, I M) is positive for all time £ = 0.
Proof. Consider the first equation of 2.2.1 at time t

dS e

T Apr 4 Tmdne + medr — dan S — AmaSH — Aen S — dnSH

then

220 > —(Aan + Amk + Atk + dn)SH
T 258 = — [(Xan + Ak + Aen + din)d(t)

Si(t) = Sp(0)e— Jrantdmu e +da)d () =

From the second equation of 2.2.1 at time t

dIng
ot

AmmbSeH + vedrar — rmdar — e Aandar — Xendar — dpdar — dmfar.

then

Alat = — (T + €2, Aan + Aep + oy + Ao ) T s -

o O . —f{‘i"m + % Aah + Ash + dpn + dyn )il

I nr —

Tar(#) = Far(0)e— Jrm el Man+Aen b dn tde Jdt = )

We can proceed in a similar manner and show that all the state variables are positive for all time t.
Lemma 3.2. The solutions of the model 2.2.1 are uniformly bounded in a proper subset

Y=Yy x Py
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Proof. Let {(Swu.Ine, Tr, Ta. It Tune, Tane, Inr T, Lar, Ty, Laaer }(E) € R, be any
solution with non-negative initial conditions. The rate of change of the total human popu-
lation with time is given by:

A0 — Ay — du Ny = (Ing + Taaa(t) + Lane + It + Taner + Taner)dom -

(Jr + I + Tar + Tar + T + Tanr)de — (Ta + Tang + Tar + Taner)da

—domTany — (g + Trner) — dagdar — domeLaner

The model system 2.2.1 has a varving human population size =g # 0 and therefore a
trivial equilibrinm is not feasible. Whenever Ny > %H—,_ then d—;& < (. Since %F— 15

bounded by Ay — d, Ny, a standard LDIIlpdrl‘-:L}Il theorem by (Birkoff and Rota, 1989)
shows that 0 < Ng(t) < ;'\-T“{l'l](._d" . —H-{] - r.*_d”j._ where Ny (0) represents the value of
Ny (t) l\-'El].llclt‘.‘d at the initial values of trl’n.‘ respective variables. Thus as ¢ — oo, we have,
0 < Ng(t) < 52, In particular, Ny (2) < i&._ if Ng < —H- This shows that Ny is bounded
and all the fe rl“slbl(‘ solutions of the 1'111111:1,11 only (mnpunont of model 2.2.1 starting in the
region Wy approach, enter or stay in the region, where:

W = {(Su.Iar, I da Ir Inpp Iga Iver Tar. Ira, Iy, Ingar) - N(t) < %&}.

Similarly let {(Sv,Iv}(t) € B2, be any solution with non-negative initial conditions. The

rate of change of the total ve Lturdpupulatmn with time is given by:

ANy — A — (S (8) = Iy (8))d,. 0 and therefore a trivial equilibrinm is not feasible.
i v v v q

Whenever Ny > ":;J._ then d;’;" ( 0. Since ;:."t" is bounded by Ay — d, Ny, a standard
-

comparison theorem by Birkoff and Rota (1989), shows that 0 < Ny () < Ny (0)e=% +
‘”‘i{l — e~ %), where Ny-(0) represents the value of Ny (t) evaluated at the initial values of
the respective variables. Thus as t — oo, 0 < Ny (f) < %:— In particular, N(#) < %:i_. if

Ng < %"—. This shows that Ny is bounded and all the feasible solutions of the vector only

component of model 2.2.1 starting in the region ¥y approach, enter or stay in the region,
where: Uy = {(Sy.Iy) : Ny < :;_r» 1. o

HIV/AIDS Model
Before analyzing the full model (HIV/AIDS, Malaria and TB), it is instructive to gain insights into the
dynamics of the HIV/AIDS only model, HIVV/AIDS-malaria co infection model and the HIV/AIDS-TB
co infection model.

% — Ap — AanSp(t) — dnSe(t)
d;;d;t(tj = AanSw(t) — (1 — a)plp(t) — dp T (#) + ad 4(t). (4.0.2)
dI;nt(fJ (1 — a)plu(t) — dada(t) — dnla(t) — alal(t)

where, Ny = Sy + Iy + 14, and Ay, = —“[ﬁw For this model, it can be shown that

the region, O = {(Sy.In,14) € ]Ri : Ny <i —H-} is positively-invariant and attracting.
Thus, 4.0.2 is mathematically well posed and its d} namics can be considered in .

The Basic Reproduction Number Ry

The basic reproduction number Ro is defined as the average number of secondary infections an
infectious individual would cause over his infectious period in an entirely susceptible population. The
basic reproduction number RH for the HIV/AIDS only model is defined as the number of secondary
HIV/AIDS infections due to a single HIVV/AIDS infective individual. When Ry < 1, then an infectious
individual is causing, on average, less than one new infection and thus the disease does not invade the
population. On the other hand, when Ry > 1 then an infectious individual is causing, on average, more
than one new infection and thus the disease invades and persist in the population.

Local Stability of Disease-Free Equilibrium (DFE)
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The model 4.0.2 has a DFE, obtained by setting the right-hand sides of the equations in
the model to zero given by

&b = (Sy+Ij+I3) = (52.0.0)

Define Fi as the rate of appearance of new infections in the class or compartment i and Vi= Vi — ",
where Vi is the rate of transfer of individuals out of compartment i, and Vi* is the rate of transfer of
individuals into compartment i by all other means. Therefore:

Ball—8)ey Iy ._;
T = N S
=
0

and
v o— (1—a)ply +dody —ala
dola +dpndla+aly — (1 —a)ply

The Jacobian of F; and V; at the DFE denoted by F and V' respectively are given

by

o Ba(l = 8)e; O
0 0

- (1 —a)p+ dn -0
—I:l—ﬂ]p ﬂrﬂ.+ﬂrn+ﬂ

The basic reproduction number Ry is by definition the spectral radius of the matrix FV !
and is given by:

er(1 =) +d, +d,) B

1.1.1
(exdy + dadyn + dﬁ + dap — ad,p + dpp — ady,p) ( )

Ry =

It measures the average number of new HIV infections generated by a single HIV/AIDS infected
individual in a population where a certain fraction of infected individuals are treated and counselled.

Lemma4.1.1: The DFE of the HIV Model is locally asymptotically stable (LAS) if Ry < 1, and unstable
otherwise.
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Parameter values for the HIV/ATIDS model

Symbol Parameter Value (yr—1) Source
Ny Recruitment rate of humans 0.4 < 40 < 10° Kenya demographics

profile (2014)

d,, Natural death rate of humans 0.016667 Kenyva demographics
profile (2014)
dg HIV /AIDS-induced death rate 0.4 WHO report (2014a)
» Progression rate from 0.1 Baryvama and
HIV to AIDS (untreated) Mugisha (2007)
P Proportion of the HIV/AIDS 0.6 Kenva NACC
victims treated report (2014)
Ba Transmission probability 0.019 Baryvama and
of HIV/AIDS Mugisha (2007)
cy Per capita number 9 Kenva NACC
of sexual contacts report (2014)
s} Effectiveness of counseling Variable

Lemma 4.1.1 follows from Theorem two by Van, P. and Watmough, J. (2002). This lemma is illustrated
graphically in figure 1 showing total infected population (I + la) against time in years, with Ry =
0.517234.

15x 100 F
1.0x 108 . .

S00000 - ", 1

Total infected population
.

D'l..l..l....l....'l.l—t

] 10 20 ki) 40 S0
Time (years)

Figure 1: HIV/AIDS local disease free equilibrium

Simulating the Role of Counseling and Treatment

From equation 4.1.1, it is evident that strategies for the reduction of HIV/AIDS infections in humans
should target the reduction of the parameter c¢i (per capita number of sexual contacts) through
counseling. Effective counseling where 6 = 1, reduces the value of ¢; and Ru to zero eliminating the
HIV/AIDS problem. The graph of Ry against c; is shown in fig 2.
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Figure 2: The role of treatment and counseling (a = 0 .6)

Figure 2 shows that effective counseling (6 = 0 .9) reduces the value of Ry to less than unity and
therefore very effective in controlling the HIVV/AIDS problem.

Figure 3 combines the parameters for ARV treatment («) and counseling (6) within the same graph. The
graph shows that ARV treatment without effective counseling (o = 0.6 and ¢ = 0), increases the value
of R 1, worsening the HIVV/AIDS problem. However ARV treatment coupled with effective counseling
(= 0.6 and ¢ = 0.9) reduces the value of Ry to a level below one eliminating the disease. This figure
suggests that there is a threshold level of counseling below which ARV treatment is disastrous. Above
the threshold level, ARV treatment and counseling would be very effective.

1.5

0.5t
—— e &= 0.6, § =07

B 10

[
e
(=21

Figure 3: Simulation result of Ry against per capita number of sexual contacts ( ¢;)

When the proportion of those receiving ARV treatment without effective counseling increases, the value
of Ry also increases to a level above one, however effective counselling maintains the value of Ry
below unity as shown in figure 4. Therefore strategies for the control of HIV/AIDS should emphasize
counseling and not only treatment.
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Figure 4: Simulation result of Ry against per capita number of sexual contacts (c1)

To further investigate the potential impact of counseling and treatment on disease progression, we carry
out sensitivity analysis of the reproduction number with respect to counselling and treatment. The
sensitivity index of Ry with respect to J is given by:

]

8 _
H 1—4a

The negative sign in equation 5.0.2 indicates that there is an expected decline in the rate of new
HIV/AIDS infections when counseling is scaled up. Similarly, The sensitivity index of Ry with respect
to o is given by:

(5.0.2)

ﬂ‘,‘l{_.Snl'fl-'lz_-"l:sfl—fs} + -'3¢C1_E11—5\J}
4 : (5.0.3)

Ry = -
. Bac1A2(1 — 4)
Ay = ady, + dady + d'ﬁ + dap — adyp + dpp — adyp
Ao =+ dy + dy
Az =dy —dap — dup

Numerical simulations shows that the sensitivity index of Ry with respect to treatment is positive

indicating that an increase in the proportions of those treated leads to an increase in new HIV cases as

shown in figure 5.

.-"-—-—-—
1.5 | 7
-_____‘..-""H-rﬁ
1O
B

B __—-"
0.5 o

i -

e
-~
0.2 0.4 0.6 0.8 1.0

Treatment (o)

Figure 5: Simulation result of the sensitivity index of Ry with respect to treatment

Biologically, lemma 4.1.1 implies that HI\VV/AIDS can be eliminated from the community when Ry <
1. This is only true if the initial sizes of the sub-populations of the model are in the basin of attraction
of:

Eh = (Sy+Ii+I3) = (52.0.0)
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To ensure that elimination of the virus is independent of the initial sizes of the sub-populations, it is
necessary to show that the DFE is globally asymptotically stable.

Global Stability of Disease-Free Equilibrium (DFE)
The global asymptotic stability (GAS) of the disease-free state of the model is investigated using the
theorem by Castillo-Chavez et al. (2002). The model is rewritten as follows:

1X
2 = H(X.2) (5.0.4)
et

17 | |

rF = G(X.Z). G(X.0)=0 (5.0.5)
[

where the components of the column-vector X &€ R™ denote the uninfected population and
the components of Z € R" denote the infected population. E° = (X*, 0) denotes the disease free
equilibrium of this system. The fixed point E° = (X + 0) is globally asymptotically stable (GAS)
equilibrium for this system provided that Ro < 1 and the following two conditions satisfied:

(H1) For % = H(X,0), X" is globally asymptotically stable

(H2) G(X.Z)=PZ-G(X.Z), G(X,Z)=>0for (X.Z) € Q.

where P = DzG(X*,0) is an M-matrix (the off diagonal elements of P are non negative)

and 2y 1s the region where the model makes biological sense. The disease-free equilibrivm
is now denoted as E" = (X*.0), X" = %”—

n

Theorem 5.1. The fixed point E® = (X * 0) is a globally asymptotically stable equilibrium of system
4.0.2 provided that Ry < 1 and the assumptions H1 and H2 are satisfied.
Proof. From the system 4.0.2
H(X,0)=( Ay —d, )
G(X.Z)=PZ-G(X.Z)

Where
P Ba(l=48)ey — (1 —a)p—d, o
- (1=a)p —(da + dn. + )
and .
ﬁ: ( .i—ll:l—ﬁ}f:]f”{l—%‘f; )

O
Notice that G = (X, Z) >0 in Qu. Therefore the DFE of model 4.0.2 is globally asymptotically stable
if Ry < 1. This shows that HIV/AIDS will be completely eliminated from the community if the
epidemiological threshold, Ry can be brought to a value less than unity independent of the initial sizes
of the sub-populations as shown numerically in figure 6.

Figure 6: Numerical simulation of the global stability of the disease free equilibrium

Existence and Stability of the Endemic Equilibrium
To find conditions for the existence of an equilibrium for which HIV/AIDS is endemic in the population,
the steady states of the system 4.0.2 are determined by solving

Ef = f(Si. I I3) = 0.

The equations for the population proportions are considered by first scaling the sub-populations for S,

. ) . SH
It and Ia using the following set of new variables: Sy= NH
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iy = i—‘: ig= ,{r—:} The system 4.2.1, is therefore given by:
dsy Ay Ay .
d Ny Askt = SENH = daia)
di A
— = das = (1= a)piy +aiy — iy(— = dyis) (42.7)
dt Ny
di . A .
d_; = (1—a)piy —dyig —aig — iq(ﬁ — daia)

At the steady states, ‘%ﬂ- = () and %,‘;L — dyia = dy. By setting sy = (1 —ig —14),

the coordinates of the endemic equilibrium of the system 4.2.7 satisfy:

o (1= a)piy
= — 4.2
a dr] + dﬂ + o [: 8)

P -[.:'31{1 - 5]61?!’1 + -:1(1 - ﬂ')ﬁ'} - '[dn'ffl +I?JT1{1 - ﬂ}} _
e Bi(l =d)er {m + p(1 = a)} 4.29)

where 1 = a + d, + d,,. Since 1}, is positive, then {f(1 = d)eym + (1 - a)p} >
{d,m + pmy(1 = @)} which indicates the existence of only one unique endemic
equilibrium point suggesting that there is no bifurcation. When {f,(1 = d)e;m +
a(l = a)p} < {dym + pm(1 = a)}, then the model has no positive equilibrium.
It can also be verified by the theorem by Castillo-Chavez and Song (2002), that
the model 4.2.7 has a unique endemic equilibrium which is LAS whenever Ry > 1
as follows: The equations in 4.2.7 are solved in terms of the force of infection at
steady-state of Ay, given by

. Bar(L=0)I}

= = 4.2.10
DTG I+ (42.10)

Setting the right hand sides of the mo del 4.0.2 to zero and noting that
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- _-"LH i
o = — 4.2.11
H )"ah + '-'114: { :I

)"ahs;} + nf:
dra + {1 - ﬁ}_ﬂ‘

(1 —a)plj
d, + d,, + o

in 4.2.10 shows that the nonzero endemic

using 4.2.11 in the expression for A%,

equilibria of the model satisfy

ﬂ].l)";h — iy = ( {1212)
where a,; = Ry — 1 and ay, = {3%. It is clear that a,; > 0, and a,, > 0 for
ah

Ry = 1. Thus, the non linear system 4.2.1 has only one unigue positive solution,

This endemic equilibrium is illustrated in figure 7 showing the total infected population against time
in years.
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Figure 7: The global stability of the endemic equilibrium, Ry = 1 .03447.

Lemma 6.1. The HIV model 4.0.2 has a unique endemic equilibrium whenever Ry >1, and no endemic
equilibrium otherwise.

When an endemic equilibrium point of a disease is unique and stable, then we would expect easier
management of the disease because there is no bifurcation and therefore reducing the value of Ry to
less than one eliminates the disease. In summary, the HIV Model 4.0.2 has a globally-asymptotically
stable DFE whenever Ry > 1, and a unique endemic equilibrium point whenever Ry > 1. This study
shows that effective counseling reduces the value of the reproduction number for HIV/AIDS (Rw) to
less than unity eliminating the HIV/AIDS problem. When the proportion of those receiving ARV
treatment without effective counseling increases, the value of Ry also increases to a level above one,
however effective counseling maintains the value of Ry below unity therefore strategies for the control
of HIV/AIDS should emphasize counseling and not only treatment.
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