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ABSTRACT

Many properties of elementary operators, including spectrum, numerical ranges, compact-
ness, rank, and norm have been studied in depth with the norm property attracting many
researchers due to its wide range of applications. Generally, the calculation of norms involves
finding a formula that describes the norms in terms of their coefficients. The discussion on
the norm of the elementary operator can be traced to Stampfli’s theorem of 1970 which
created a proper base for the study of norms. The determination of the norm of the
elementary operator in C*-algebras, JB*-algebras, standard operator algebras, Cartan factor,
prime C*-algebras, two-dimensional complex Hilbert space and tensor product have been
studied and based on earlier research, the norm of basic elementary operator in tensor product
of C*-algebras have been evaluated using the concept of finite rank operator and Stampfli’s
maximal numerical range. The norms of other types of elementary operators in tensor product
of C*-algebras was not determined. This study extended the study of the norm of
elementary operator in tensor product of C*-algebras to the general finite length elementary
operator. The study determined the norm of finite length elementary operator in tensor product
of C*-algebras and found for a finite length elementary operator, 7}, in a tensor product of C*-
algebras ||, \B(H@ K)|| = >2_ [l B: | C: | Dill, Ai, Ci € B(H) and B;, D; € B(K).
Consequently, the conditions under which the norm of an arbitrary finite length elementary
operator in tensor products of C*-algebras as is expressible in terms of the norms of its co-
efficient operators were also established and found that ||T,,|| = >0 || A|[|| Bil|l|Ci| ||| Dl
if ||A; ® B;|| € Wo(A; ® B;) and ||C; @ D;|| € Wo(C; ® D;) V @ = 1,2,...,n. Finally,
the research determined the norm of Jordan elementary operator in the tensor products of C*-
algebras where for every tensor product X ® Y € B(H ® K) with || X ® Y|| = 1, then
|Uses.cenll = 21ANBIICIID], A,C € B(H), B.D € B(K) and Usspcep is the
Jordan elementary operator in a tensor product of C*-algebras. The techniques of rank one
operator,finite rank operator, the definition of the elementary operator in tensor product,
properties of tensor product, inner product, properties of functionals, and the norm were used
to achieve the objectives of this study. The finding of this research can be used in areas
of functional analysis, linear algebra, operator theory and mathematical physics by utilizing
various properties of an elementary operator under the study of C*-algebra.
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CHAPTER ONE
INTRODUCTION

1.1 Background Information

In 1884, Sylvester published a series of notes in which he calculated the Eigen values of the
matrix operators corresponding to elementary operators on matrices as presented by Bleacher
(1988). Later in 1959, Lumer and Rosenblum introduced the concept of the elementary oper-
ator within a broader setting of Banach algebra. The spectra of such operators were computed
by Lumer and Rosenblum (1959), who placed a strong emphasis on applying these spectra to

the operator equation systems.

Since then, extensive research has been done on a variety of elementary operator properties,
yielding findings and expositions on several facets of elementary operators. These features
include spectrum, ranges, compactness, rank, and norm. The study of norm of elementary
operator can be traced back to Stampfli’s theorem (1970 [Theorem 5]) which used properties
of a numerical range. Numerous researchers have attempted to calculate this norm which

generally involves finding a formula that describes the norms in terms of their coefficients.

Previous studies have shown determination of norm of elementary operator in C"*-algebras,
J B*-algebra, standard operator algebra, Cartan factor, prime C*-algebra, two dimensional
complex Hilbert space and tensor product. Because C*-algebras have so many applications,
many researchers have been drawn to the study of the norm of elementary operator in C*-

algebras.

Timoney (2001) determined the general norm of basic elementary operator in C*-algebra and

obtained that if ¥ is C*-algebra, then;
|Map|l = sup{l[Mas(X)|| : X € B(H)}=sup{| AXB|| : X € B(H)}
where X denotes the set of unitaries in B(H).

The work by Timoney (2001) established the foundation for calculating the upper bound of
the norm of the Jordan elementary operator and the finite length elementary operator in the

tensor product of C*-algebras in this study.

Okelo and Agure (2011) used the finite rank operators to determine the norm of the basic

elementary operator in C*-algebra by letting H be a Hilbert space, and B(H) the algebra of

1



bounded linear operators on H. If M4 5 : B(H) — B(H) is defined by M, 5 = AXB,V
X € B(H) where A and B are fixed in B(H) then;

|Ma gl = [|A|lllB]|, for || X|| = 1 where X (z) = =, V unit vectors z € H.

King’ang’i et al. (2014) extended the work of Okelo and Agure (2011) and determined the
norm of elementary operator of length two for finite-dimensional separable Hilbert space
W € B(H) with |W| = 1 and W (z) = « for all unit vectors x € H and proved that if H
is a complex Hilbert space and B(H) be algebra of all bounded linear operators on H. Let
E, be the elementary operator of length two on B(H). If for an operator W € B(H) with

|W|| = 1, we have W (z) = z for all unit vectors x € H, then;
1Bl = 525, 1A | Bill-

King’ang’i (2017) employed the concept of the maximal numerical range of 7S relative to S
to determine the lower bound of the norm of an elementary operator of length two bu stating

that if E'» be an elementary operator of length two on B(H ). Then;

| Ea|| > suprewy,a=m)|||| Bil| A1 + HB%”AQH.

King’ang’i (2017) also determined the conditions under which the norm of an elementary
operator of length two is expressible in terms of the norms of its coefficients operators by
letting H be a complex Hilbert space and A;, B; be bounded linear operators on H for
i=1,2.Let0 € Wg,(BiBy) UWg,(B;Bs). Then;

1E| = Al B,
where Fj is the elementary operator of length two.

Additionally, King’ang’i (2017) proved that if H is a complex Hilbert space and A;, B; be
bounded linear operators on H for ¢ = 1,2. Let F, be an elementary operator of length two.
If || Ay ||| A2]] € Wa, (AsAT) and
[B1l[l| Bl € W, (B B,), then;

1Bl = 325 (1A Bl



Kawira et al. (2018) extended the work of King’ang’i et al. (2014) to the norm of finite length
elementary operator and determined the norm of an elementary operator of an arbitrary length
in C*-algebra using the concept of finite rank operators and proved that for a complex Hilbert
space H and B(H) be the algebra of bounded linear operators on H. Let E,, be elementary
operator on B(H). If VX € B(H) with || X|| = 1, we have X(f) = f for all unit vectors
f € H then;

1Enll = 325y 1Al Bill, n € N.

In 2018, Muiruri et al. defined the elementary operator in a tensor product of C*-algebra as
follows. Let H ® K be tensor product of complex Hilbert spaces H and K and B(H ® K)

the set of bounded linear operators on H ® K. Then we have the following definitions:-

(a) An elementary operator,T,, : B(H ® K) — B(H ® K), is defined as;
T(XeY)=>" AB(X®Y)C;®D;,VXR®Y € B(H®K),

A; ® B;,C; ® D; being fixed elements of B(H ® K), where A;,C; € B(H),
the set of bounded linear operators on H and B;, D; € B(K), the set of bounded

linear operators on K.

(b) When n = 1 we obtain the basic elementary operator, Magp cep : B(HRK) —
B(H ® K), defined as;

Maspcop(X®Y) =A@ B(X@Y)C®D,VX ®Y € B(H® K).

(c) When n = 2 then we obtain an elementary operator of length two which is defined
by;
LXRY)=A413B(X®Y)C;® D1+ Ay ® Bo(X ®Y)Cy @ Do,

VX®Y € B(H®K)

and A; ® B;, C; ® D; being fixed elements of B(H ® K'), where A;,C; € B(H),
the set of bounded linear operators on H and B;, D; € B(K), the set of bounded

linear operators on K.



(d) TheJordan elementary operator, Uagp cop : BIHRK) - B(H®RK), is defined

as;

Uaepcop(X @Y)=A@BX®Y)C@D+(C®DX®Y)A® B,
VX ®Y € B(H® K),

A® B,C ® D being fixed elements of B(H ® K), where A, C' € B(H), the set
of bounded linear operators on H and B, D € B(K), the set of bounded linear

operators on K.

The definitions of Muiruri ef al. (2018) resulted in the determination of the norm of basic
elementary operator in a tensor product of C*-algebras using different methods. Using the
rank one operator and properties of tensor product Muiruri et al. (2018), proved that for
complex Hilbert spaces H and K and B(H ® K) be the set of bounded linear operators on
H® K. ThenVX ®Y € B(H @ K) with || X ® Y|| = 1, we have;

IMags.cenll = [ANIBIICIHIDI,

where A, C' and B, D are fixed elements in B(H) and B(K) respectively.
As a consequence, Muiruri ef al. (2018) related the norm of basic elementary operator in
tensor product and the usual norm in this elementary operator in C*-algebra and showed that

if H and K are complex Hilbert spaces and B(H ® K) be the set of bounded linear operators
on H® K. ThenVX ® Y € B(H ® K) with || X ® Y|| = 1, we have;

IMags.cepll = |Macll[Ms.ol
, where M4 ¢ and Mg p are basic elementary operators in B(H ) and B(K) respectively.

Daniel et al. (2022) used the Stampfli’s maximal numerical range to determine the norm
of basic elementary operator in a tensor product and they obtained that by Letting H and
K be Hilbert spaces and let O 45 csp be basic elementary operator on B(H ® K). If V
X®Y € BH® K)with | X®Y| =1, A,C € B(H), B,D € B(K), ¢ € Wy(C),
¢ € Wy(D) then we have;

10as.can\B(H @ K)|| = Supcewsc)Supecwo o) {ICIIEN ANl B }-



Additionally, Daniel ef al., (2023) determined the bounds of the norm of elementary operator
of length two in tensor product using the Stampfli maximal numerical range and proved that
if H and K are Hilbert spaces and let O 4o 5,cp be the elementary operator of length two on
BH®K). IfVX®Y e BlH® K)with |[X®Y| =1, A;,C; € B(H), B;,D; € B(K),
¢ € Wo(Cy), & € Wo(D;) Vi =1,2 then we have;

12221 O2a:08,. .00 \B(H ® K)|| = Supcewy(c Supeewopa{ iz 16l GllLA 11|}

Therefore this study extended the work of Muiruri ef al. (2018) by determining the norms
of finite length elementary operator and Jordan elementary operator in tensor product of C*-

algebras.

1.2 Statement of the Problem

The norm property has been a subject of interest for researchers more so in different exam-
ples of elementary operators in C*-algebra. The norm of the elementary operator in the tensor
product of C*-algebras could have equally significant results. For instance, based on previous
studies, the notion of finite rank operator and Stampfli maximal numerical range have been
used to evaluate the norm of basic elementary operators in tensor products of C*-algebras.
However, the norms of other kinds of elementary operators in tensor products of C*-algebras
remain largely unknown. This study extended the determination of norm of basic elementary
operator in the tensor product of C*-algebras to the norm of finite length elementary operator
and Jordan elementary operator in tensor product of C*-algebras. Furthermore, the study de-
termined the conditions under which the norm of an arbitrary finite length elementary operator

in tensor product of C*-algebras is expressible in terms of norms of its coefficient operators.

1.3 Objectives of the Study

1.3.1 Main Objective

The main objective of this study was to determine the norm of elementary operator in the

tensor product of C*-algebras.

1.3.2 Specific Objectives

The specific objectives of this study were to:



(1) Determine the norm of finite length elementary operator in tensor product of C*-

algebras.
(i1) Determine the norm of Jordan elementary operator in tensor product of C*-algebras.

(i11) Establish the conditions under which the norm of an arbitrary finite length elemen-
tary operator in tensor product of C*-algebras is expressible in terms of norms of

its coefficient operators.

1.4 Significance of the Study
The results of this work can be used in the following areas.
Functional analysis

Functional analysis is a branch of mathematics that deals with function spaces and their oper-
ators.The findings of the study in tensor product of C*-algebras can contribute significantly
to this field by providing a framework for studying operator algebras on tensor product of
Hilbert spaces. This connection will enrich both disciplines, allowing for the development of

theories like spectral theory, which is crucial for solving differential equations in physics.

Linear algebra

The results of this study being findings in elementary operators is important since elementary
operators are fundamental in linear algebra as they represent basic transformations such as
scaling, reflection, rotation and shearing. Thus the wider understanding of elementary op-
erators in this study can help in studying vector spaces, linear transformations and matrix
operations.

Operator theory

The findings in this study can also be central in operator theory, which deals with linear oper-
ators on function spaces and has applications in differential equations, control theory, signal

processing and quantum computing.
Mathematical physics

The results in elementary operator in this study can extensively be used in mathematical

physics to model physical phenomena and solve differential equations since it provides a



framework for analyzing and understanding the behavior of physical systems in various do-
mains. It can also play a role in the study of quantum statistical mechanics and quantum

probability theory since it enhances the study of C*-algebras.
Algebraic topology

In algebraic topology, tensor products are utilized in the context of homology and cohomology
theories. For instance the results of this study can be used in enhancing the study of tensor
product of chain complexes which is used to define the tensor product of homology groups,

providing deeper insights into the topology properties of spaces.
The representation theory

The results of this study can have immediate application in the representation theory of re-
stricted direct product groups (such as adele groups), since the group C*-algebra of such a
group is an infinite tensor product of the C*-algebras of the coordinate groups. The results of
this study also being a study in tensor product can help in mathematics, particulary in group
theory and lie theory, since tensor products plays a vital role in the study of representations of
groups and lie algebras. Thus the study can help in understanding the structure and behavior

of symmetry groups and their associated algebraic structures.

Quantum mechanics

The results of this study can also serve as the mathematical foundation for describing physical
systems and their dynamics. The algebra of observables and states in quantum mechanics can
be characterized as a tensor product of C*-algebras, providing a powerful tool to study quan-
tum systems. This will also enhance the study of elementary particle theory and modelling of
algebras of physical data in quantum mechanics. Also the results of this study can be essential
building blocks for constructing more complex operators that describe physical systems and

their evolution over time.
Category theory

These findings can enhance the study of category theory, where they are generalized to various
categorical structures such as monoidal categories. This abstract perspective allows for a

unified treatment of tensor product across different mathematical contexts.



Engineering and physics

This research results in tensor products can find extensive applications in engineering dis-
ciplines such as mechanical, fluid dynamics, and electromagnetism, where it can be used to
model physical quantities with multiple components and their interactions. Also the results of
this study can be applied in signal analysis and synthesis of signals and systems, particularly

in the context of time-frequency analysis and wavelet theory.
Non-commutative geometry

The study in C*-algebra is intimately connected to non-commutative geometry, a branch of
mathematics that generalizes geometric concepts to spaces where commutativity is not as-
sumed. Thus results of this study can enhance the study of non-commutative aspects of space-

time.

1.5 Definitions and Terminologies
In this section, the highlight of definitions of necessary terminologies that were used or rele-

vant in this study are given.

Definition 1.5.1. Linear operator. (Bezandrys and Diagana, 2011).

Let X and Y be two normed spaces. A mapping 1" : X — Y is called a linear operator if:
() T(x+y)=T(x)+T(y), Yo,y € X.
(i) T(ax + By) = oT(z) + BT (y) ,Vr,y € X, a, 8 € K where K is a scalar field.

Definition 1.5.2. Bounded linear operator. (Bezandrys and Diagana, 2011).

A linear operator 7" : X — Y is said to be bounded if there exist a constant ¢ > 0 such that;

|Tx|| <clz||VzeX.

This study considered algebras whose elements of operators on a Banach space are called

Operator algebras. In this case, multiplication is the composition of operators.

Thus if X is a complex Banach space, B(X) the Banach space of all bounded linear operators
on X with respect to the operator norm in Banach algebra with the multiplication defined as
composition of operators and the identity operator I being the unit element, then the operator

norm of 7' € B(X) is given by;



1T = sup{[|Tz|| : = € X, [[«]| <1},

For T, S € B(X) we have that,
TS| < (IS

In which case,
TS| < (17| S1]-

We also considered algebras of functions that is F'unction algebras. In this case, multiplica-

tion is pointwise.

Definition 1.5.3. Functional f. (Erdman, 2015).
A functional f,1is a mapping that maps vectors to real value, thatis, f : L — R. A linear

function defined on a linear space L satisfies the following two properties:
(i) Additive:f(z +vy) = f(z) + f(y) Vx,y € L.
(i) Homogeneous: f(ax) = af(x).

The linear functional f : A — CVA € L is positive since f(a*a) > 0 Va € A and is called

a positive linear functional.

Definition 1.5.4. Normed space. ( Halmos, 1982).
A normed space is a vector space B (assumed to be over the complex field C ) provided with

anorm ||.|| satisfying
@ [Ifll = 0.
(ii) ||f]| = 0 ifand only if f = 0.
(iii) [laf[} = lafl[f]]
@) |[f +gll < [l7] + llg forall v € Cand f, g € B.
Definition 1.5.5. Inner product. ( Martin, 2009).

Let X be a vector space. An inner product is the function (,) : X x X — R which satisfies

the following axioms, Vx,y & z € X



(i) (z,z) > 0with (z,2) =0iffz = 0.
(iD) (z,y)=(y, z).
(iii) (z+y,2)=(2,2)+(y,2).
The inner product can also be defined in terms of the norm, (Vasudeva and Shirali, 2017), as

shown below;

(z, ) = ||=]|*.

Definition 1.5.6. Hilbert space. ( Richard, 2019).

A (complex) Hilbert space H is a vector space on C with a positive scalar product (or inner
product) which is complete for the associated norm and which admits a countable orthonormal

basis. The scalar product is denoted by (., .) and the corresponding norm by ||.|.

In particular, note that for any f, g,h € H and o € C the following properties hold:

(W) (f,9) = (9, f)
(i) (f,9+ah)={f,g)+alf,h)

(i) [|f]2 = (f, /) > 0and [|f]| = 0 if and only if f = 0.

Definition 1.5.7. Algebra. ( Halmos and Spaces, 1974).
An algebra v over a field K is a space ) over K such that for each ordered pair of elements
x,y € v aunique product xy € 9 is defined with the following properties, Vz,y € 9 and a

scalar « € N
(i) (zy)z = z(yz), (associativity).
(i) z(y + 2) = xy + zz,(x + y)z = xz + yz, ( distributivity ).

(iii) a(zy) = (ax)y = x(ay) (associativity under scalar multiplication).

A normed algebra o is a normed space which is an algebra such that Vx,y € o we have ;

[lzyll < lll[yl]

10



A banach algebra is a normed algebra that is complete, that is every Cauchy sequence in o

is convergent.

Definition 1.5.8. Involution. ( Halmos, 1982).
If ¢ is an algebra , a mapping * : ¥ — ¢ defined by x — =™ is called an involution on algebra

) if it satisfies the following four conditions; Vz,y € ¥, A € N
(i) (z+y) =" +y
(i) (\z)* = \z*
(ifi) (2y)" = 'z
(iv) (z*) =2 ==z
An algebra ¢ with an involution is called a x — algebra. If ¥ is a Banach algebra with an

involution and Yz € ¢, ||z*z|| = ||z , then ¥ is called C* — algebra .

Examples of C'*-algebras

(i) Let H be a complex Hilbert space. The collection of bounded linear operators on

H, denoted by B(H) is a C* -algebra.

(if) Ifnis any positive integer, we let M, (C) denote the set of n X n complex matrices.

It is a C*-algebra using the usual algebraic operations for matrices.

Definition 1.5.9. Elementary operator. (Okelo and Agure, 2011).

Let ¥ be a C* — algebra, a mapping, T' : J — ¥ defined by T'(X) = > I | A, X B, for
all X € ¢ and for fixed A;, B; in M(¥), where M (¥) is the multiplier algebra is called an
elementary operator.

Let ¥ = B(H) where H is a complete Hilbert space. Then the following are examples of

elementary operators;

(i) The left multiplication operator L4 : B(H) — B(H) defined by L,(X) = AX,
VX € B(H) and for a fixed A € B(H)

(if) The right multiplication operator Rp : B(H) — B(H ) definedby Rp(X) = X B,
VX € B(H) and for a fixed B € B(H)

11



(iii) The general derivation (implemented by A,B) defined by 64 5 = L4 — Rp, for
fixed A, B € B(H)

(iv) The basic elementary operator (implemented by A,B) defined by M4 ) = AX B
,VX € B(H) and for fixed A, B € B(H)

(v) The Jordan elementary operator (implemented by A,B) definedby Uy p = AX B+
BXA VX € B(H) and for fixed A, B € B(H)

(vi) The inner derivation 64 = d 44, for a fixed A € B(H), where ¢ is general deriva-

tion.

Definition 1.5.10. Tensor product. (Halmos, 1982).
Let H and K be Hilbert spaces, a tensor product of H and K is a Hilbert space ¢ , together
with a bilinear mapping ¢ : H ® K — /¢ such that;

(i) The set of all vectors {¢(x,y) : © € H,y € K} form a total subset of £ , that is

it’s closed linear span is equal to ¢/ and
(i) (21 @ y1, 22 ® ya) = (w1, 22) (Y1, y2) Va1, 22 € H and Yy, y» € K.
We refer (¢, ) as Tensor product.

Definition 1.5.11. Numerical range. (Martin, 2009).

For an operator 7' € B(H ). The numerical range of T is the set
W(T={AeC: A= (Tx,x),||z| =1,z € H}.
For an operator 7" on Hilbert space H, the following propositions holds (Blecher, 1988);
(i) W(T) is invariant under unitary similarity.

(if) W(T') lies in a closed disc of radius || A|| centred at the origin.

(iii) W (T') contains all eigen values of 7'.

(iv) W(T*) ={\: X e W(T)}.

v)y W) =1.

(vi) If a, B € C and T is bounded operator on H, then W (aT + BI) = aW(T) + .
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(vii) If H is of finite dimension then W (7') is compact.
The numerical radius of 'T" is represented as
w(T)= sup{|z| : = € W(T)}.

Definition 1.5.12. Types of numerical range. (Halmos, 1982).

The following are types of numerical ranges:
(1) The maximal numerical range of T' is defined to be the set
Wo(T)=A{\: (Tx,,x,) — X\, where ||z,|| = 1 and ||Tz,| — ||T||}
(i1) The algebraic numerical range of 7" is the set;
Wai,(T)= {f(T) : f is linear functional on C"*", f(I) =1 = N*(f)}.

(i11) The spatial numerical range

Let V be a norm on Banach space Y and V* be the dual norm defined by;
V*=maz{| Y*X |: V(Y) < 1}.

The spatial numerical range of T (also known as the Bauer fields of values of T)

is defined by;

Wapee(T)= {Y*TX : V(X) = V*(Y) = 1 = Y*X}.

Definition 1.5.13. Tracial geometrical mean. (Davies, 2007).
For two positive semidefinite matrices X and Y we define the tracial geometrical mean of

X and Y by;

tgm(X,Y)= VXY VX.

Definition 1.5.14. States (Halmos, 1982).
Let €2 be the complex unital Banach algebra with identity I and let A € 2. We define the set

of all states on (2 by

SA)={feQ:fi)=1IsfI=1}
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Definition 1.5.15. Finite rank operator. (Erdman, 2015).

let w : H — R be a functional for a complex Hilbert space H, with dual A*. A finite rank

operator u ® x : H — H 1is defined by;
(v @)y = u(y)z,Vy € H,
where u € H* and x € H is a unit vector, with;
lu@ 2| = sup{ll(u@z)yl -y € H, [lz]| = 1}
= sup{|u(y)z|| : y € H, |[z]| = 1}
= sup{| u(y) | [lx]| - y € H,[lz]| =1}
=[uly) |.vy € H

Definition 1.5.16. Rank one operator. (Stone, 1932).

Consider unit vectors y, z € H. The rank one operator, y ® z € B(H) is defined as;

(y ® z)x = (z, z)y for all unit vectors = € H.

Definition 1.5.17. Spectrum. (Davies, 2007).
Let H be a complex Hilbert space with inner product and 7" a bounded linear operator on H.
The set
o(T)={X € C: T — A is not invertible}
is referred to as the spectrum of T. The set
r(T)= Sup{|\| : N € SP(T)}
is called the spectral radius of the operator 7.

The complement of o(7") is called the resolvent set of T' denoted by

p(I)=C —o(T).

Definition 1.5.18. A tensor product subspace. (Okelo ez al., 2010))

The tensor product X ® Y is the subspace of (B x Y)' spanned by all elements of the form
x; ®y; ,where z; € X andy; € Y2 = 1,2,...,n. Thus, the typical form of X ® Y is in
the formof: v = Y7 Na; ® y; wheren e N\, e Kjz; €Y, Vi=1,2,..nand Kisa
scalar field. The mapping (z,y) € X XY — 2®y € X ® Y can be considered as a kind of

‘multiplication’, thus we have the following properties:
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() (T14+22)QYU=01QYy + 22 QY.
(i) 2@ (y1 +12) =@y + 2 @ Yo.
(i) Mz®y) =) @y=2 (\y).
(iv) 0y=y®0=0.
Definition 1.5.19. A tensor norm. ( Mathieu, 2001)
A tensor norm on X ® Y is anorm ||.|| on X ® Y such that || X ® Y| < ||X]|||Y||. The

consequence noticed on the condition is that from the triangle inequality V v € X ® Y with

v =7, 1;®y; being a representation of v, then;

ol = 1122 =i @ will < 22y llwillllyill-

Then it follows that

ol < inf {325 [l [l [}
such thatv = """ | x; ® y; since it represents every v.

Definition 1.5.20. Maximal and minimal tensor products ( Bruce, 1977)

Let A and B be two C*-algebras, and denote by A ® B their algebraic tensor product. A
C*-norm on A ® B is a norm of involutive algebra such that ||z*z| = ||z||* forz € A ® B.
There are two natural ways to define C*-norms on the *-algebra A © B. Recall first that
a representation of a C*-algebra in a Hilbert space H is a homomorphism from A into the
C*-algebra B(H) of all bounded operators on H. An important fact to keep in mind is that
homomorphism of C*-algebras are automatically contractive maps. The maximal C*-norm

is defined by;

2]l s1az = Supflm ()}

where 7 runs over all homomorphism from A ® B into some B(H) . The maximal tensor

product is the completion A ® ., B of A ® B for this C*-norm.

The minimal tensor product is defined by taking specific homomorphisms, namely of the form
m1 ® m9 Where 7y is a representation of A in some Hilbert space H and 75 is a representation

of B in some K H. Thus we define;
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[ ][min = supl|(m @ m2) ()]

where 71, 75 run over all representations of A and B respectively. The minimal tensor product
is the completion A ®,,;, B of A ® B for this C*-norm. It is shown that when 7; and msare

faithful, we have;

[ lfmin = 1| (m1 @ 72) ()]

Therefore, if A and B are purely represented as C*-subalgebras of B(H) and B(K) respec-
tively, then A ®,,;,, B is the closure of A ® B, viewed as a subalgebra of B(H ® K). It is the

reason why || - || min s also called the spatial tensor product.

If B and C are C*-algebras, the algebraic tensor product B ® C' can be completed with respect
to the least C*-cross norm to give the C*-tensor product B C'. This is the only tensor product

that this thesis will consider.

Definition 1.5.21. Perturbation theory for self-adjoint operators. ( Richard, 2019)

Let (A, D(A)) be a self-adjoint operator in a Hilbert space H. The invariance of the self-
adjoint property under the addition of a linear operator B is an important issue, especially in
relation with quantum mechanics and this study. First of all, observe that if (A, D(A)) and
(B, D(B)) are symmetric operators in H and if D(A) N D(B) is dense in H, then A + B
defined on this intersection is still a symmetric operator. Indeed, one has for any f,g €

D(A) N D(B)
(A+B)f.g9) =(Af.g9) + (Bf,g9) = (f, Ag) + (f, Bg) = (f.(A+ B)g)

Definition 1.5.22. Norm on a C*-algebra. ( Galles and Arratum, 2021)

A norm on a x-algebra A is called a C*-norm if it satisfies;

lzll = [l [l lleyll < ll=(llly]l and f|z2*|] = [[«]|* for any =, y € A.

The completion of A of (A, ||.|| then becomes a C*-algebra. Let A;, A; be two C*-lgebras.

Their algebraic tensor A; ® A, is a x—algebra for the natural operations defined by;
(a1 X ag).(bl X bg) = Clel (29 CLQbQ and aq X (Lg)* = GT X a;.

Thus a norm ||.|| on A; ® A, is a norm if it satisfies;
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2l = ll=*[l, [lzyll < ll=[ll|yll and [|zz*|| = [|z]|* for any .y € A1 @ A».
It follows that any C*-norm ||.|| on ||A; ® As|| automatically satisfies;
lar ® as| = [|ar[[[|az|| ¥ a1 € A1V ay € Ay
The following are properties of C*-norm according to Pisier (2020)

(i) There is a minimal C*-norm ||. ||,,;, and maximal one ||. || 4z, SO that any C*-norm

||.]| on A; ® Ay must satisty

[ llmin < |2]] < |2]lmaa¥e € A1 @ A

We denote by A1 ® Ay (resp Ay ®umaz A2) the completion of A; ® A, for norm

- llmin (resp |- [lmaz)
(i) The maximal C*-norm is easy to describe. We simplify write
[2]lmaz = supllm (@) 5

Where the supremum of all possible Hilbert space H and all possible x-homomorphism

7T2A1®A2—>B(H)

(iii) A C*-algebra A is called nunclear if for any C*-algebra B we have ||.||nin =

I|-|lmaz on A @ B that is,

A ®mm B=A ®max B
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CHAPTER TWO
LITERATURE REVIEW

2.1 Basic Elementary Operator
Different researchers have gained interest in determining the norm of the basic elementary
operator in different spaces due to it’s wide application and use in different areas of physics

and applied mathematics.

Timoney (2001) determined the general norm of basic elementary operator in C*-algebra and

obtained theorem 2.1.1;
Theorem 2.1.1:( Timoney, 2001)
Let v/ be C*-algebra. Then;
|Masll = sup{| Map(X)| : X € B(H)}=sup{|AXB| : X € B(H)}
where X denotes the set of unitaries in B(H).

The above work of Timoney (2001) established the foundation for determining the upper
bounds of the norm of the Jordan elementary operator and finite length elementary operator

in the tensor product of C*-algebras which were among the main objectives in this study.

Boumazgour (2008) obtained the norm inequality for the sum of two basic elementary oper-

ators and achieved theorem 2.1.2;

Theorem 2.1.2:( Boumazgour, 2008)
If A, B, C and D are operators in B(H ), then;

|Map + Mep|| < [(maz{|| B?, |DI*} + | BD*[|)(max{|| A%, | |2} + 0" All)].

From Boumazgour (2008) it’s clear that only the upper bound of the norm of the sum of two
basic elementary operators in C*-algebra has been determined and this leaves a gap for the

calculation of the lower bound so as to obtain the equality condition.

Further, Okelo (2011) using numerical range and finite rank operators proved lemma 2.1.3 in

basic elementary operator;
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Lemma 2.1.3 :. (Okelo, 2011)

Let H be a Hilbert space, B(H ) the algebra of bounded linear operators on H and a norm-
attainable basic elementary operator M4 5 : B(H) — B(H) be defined by M4 p = AXB,
V X € B(H) (where A and B are norm-attainable operators on B(H)). Then;

[Ma,sll = A B]-

From the above lemma 2.1.3, the equality condition have been determined but it gives room
to extending the norm of the basic elementary operator in tensor product of C*-algebras and
also extending the work of Boumazgour (2008) on the norm of the of two basic elementary

operators in tensor product of C*-algebras

Also Okelo (2011) obtained the norm of the sum of two tensor products of bounded linear
operators in a Hilbert space and arrived at the following theorem 2.1.4;

Theorem 2.1.4 :. (Okelo, 2011)

If A, B € B(H) and A ® B denote the tensor product of A and B then;

lA® B+ B @Al < 2[AP[ Bl + 2/ B*All.

This work of Okelo (2011) give this study ideal property that was applied in the determination

of the norms in different types of elementary operators in tensor product of C*-algebras.

Okelo and Agure (2011) also used the finite rank operators to determine the norm of the basic
elementary operator. Okelo and Agure (2011) arrived at Lemma 2.1.5, whose proof also

created the basis for the research more so in the application of rank one operators.

Lemma 2.1.5: (Okelo and Agure, 2011)

Let H be a Hilbert space, B(H) the algebra of bounded linear operators on H. If

Mrgs : B(H) — B(H) is defined by My s(X) = TXS,V X € B(H) where A and B are
fixed in B(H ) then;

| Mz.s|| = ||T||||S||, for || X|| = 1 where X (z) = =, V unit vectors z € H.

Bachir et al. (2012) estimated the norm of the sum of two basic elementary operator M4, 5, +
Ma, B, ,where A, Ay, By, B, are bounded linear operators on anormed space E and M y4, p, is
the basic elementary operator defined on B(FE) by My, p,(X) = A; XB;. Bachir et al.

(2012) also gave necessary and sufficient conditions on the operators A, Ay, By, By under
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which My, g, + Ma, p, attaints its optimal value || A1 ||| B1|| + || A2|||| Bz|| and they first de-

termined the generalized numerical range of A relative to B denoted by t(A)5;

For A, B € B(E),let Sp(B) = {(zn)n : ®n € SE, ||Bz,|| — || B||}, then the set
M(A)p = {limp,(Az,) : (2,), € Sp(B), ¢ € D(Bz,)},

where S is the unit sphere of £ and E* the dual topological space of £ and D is the normal-

ized duality mapping form E to E* given by

D(X)={p € E": o(X) = |lz|* ol = llz]|} V2 € E

It is known that 0t(A) 5 is a non empty closed subset of Kand M (A)p € M(A)p € W(A)p,

where M (A) g is the maximal spatial numerical range of A € B(E) relative to Band W (A)p

is the closure of the spatial numerical range W (A)p of A € B(F) relative to B.

The definition of 9t(A) 5 can be wrtitten, with respect to the semi-inner product [., .] as
M(A)p = {lim[Ax,,, Bz,] : (z,), € Se(B)}

with respect to an inner product (., .) as
M(A)p = {lim(Ax,,, Bx,,) : (), € Sp(B)}.

Using the concept of generalized maximal numerical range Bachir et al. (2012) arrived at
theorem 2.1.3 below

Theorem 2.1.6:. ( Bachir et al., 2012)

Let Ay, A, By, By beoperatorsin B(E). If || A ||| As|| € 9M(A1) 4,UM(Az) 4, and || B ||| Bz|| €
9)?(31)32 U m(BQ)Bl, then

1May,5y + May,, || = [[Ad][[| Bl + [| A2l ]| Bzl

As a consequence of the above theorem Bachir ez al. (2012) found that;
Corollary 2.1.7: (Bachir et al., 2012)

Let E be a normal space and A, B € B(E). Then , the following assertions hold:
M) If [|A[| B} € M(A)p, then [|A + BI| = [[A[[[| B]];

(ii) if [| A[| € M(1)4 and || B[ € M(]) 5, then [|Map + I|| = 1+ [[A[[[| B]]
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Finally, Wickstead (2015) showed that if £ is atomic Banach lattice with an order continous
norm, A, B € L"(E) and M4 p is an operator on L"(E) defined by M4 5(T) = AT B, then
| Ma gl = ||All-||B]|- thus he proved theorem 2.1.8 below;

Theorem 2.1.8: (Wickstead, 2015)
If E is an atomic Banach lattice with an order continous norm and A, B € L"(FE), then;
| Ma,p| = Miaj 5

As a consequence Wickstead (2015) also found that;
Corollary 2.1.9: (Wickstead, 2015)

If £ is an atomic Banach lattice with an order continous norm and A, B € L"(FE), then;
[Ma5llr = [ All-[[ Bl
The basic elementary operator literature mentioned above provided the necessary context for

methodology, results, proper assertions, and the identification of the right solutions of the

study.

2.2 Elementary Operator of Finite Length

This section considers the elementary operator of length n = 2 to the finite case that is for

any n € N.

Mathieu (2001) determined the norm of elementary operator 7" on Calkin algebra. Mathieu
(2001) proved the theorem 2.2.1 below;

Theorem 2.2.1: (Matheiu , 2001)
Let 7" be an elementary operator on B(H ). Then;

. n sl L n % 1
1T = anf{l| 20, A7l 2l 225, Bi Bill= 1,
where the infimum is taken over all representations of T where 7" = Z?:1 My .

Timoney (2007) also determined the norm of an elementary operator on a C*-algebra using
the notion of matrix valued numerical ranges and a kind of geometrical mean for a positive

matrices, tracial geometric mean. Timoney (2007) arrived at theorem 2.2.2;

21



Theorem 2.2.2: (Timoney, 2007)
For A= (Aj.coieonenn. A,) € B(H)" (arow matrix of operators A; € B(H)),
B=(Bieeuun.. B,) € B(H)™) ( a matrix of operators B; € B(H)) and
Tap(X)=>" A, XB; VX € B(H) elementary operator, we have;

1T = sup{tgmQ(A*,e), Q(B,n));e,n € B(H)} and e[| = [|n] = 1.

From above theorems 2.2.1 and 2.2.2 of Mathieu (2001) and Timoney (2007), it is clear this
study extended the determination of the norm of finite length elementary operator in tensor

product of C*-algebras.

On their part, Hong-ke et al. (2008) determined the norm of elementary operator of finite

length and arrived to the following theorem 2.2.3;

Theorem 2.2.3:( Hong-ke et al., 2008)
Let A; and B; for 1 <1 < n, be bounded linear operators acting on a separable Hilbert space

H. Then;
Sup{|| 3°7_, AiXBi|| ,V X € B(H), || X]|| = 1} = Sup{|| 32—, AUB;||, UU*
=U*U =1U € B(H)}.

Moreover Hong-ke et al. (2008) proved that there exists an operator X, with || Xy|| = 1 such
that;

13251 AiXoBill = sup{l| 2202, AiX Bill,V X € B(H), || X]| <1}
if and only if there exists a unitary Uy € B(H ) such that
122 Ao Bill = || 2252, AiXBi||,V X € B(H), [ X < 1.
Further, Nyamwala and Agure (2008) used the spectral resolution theorem to calculate the

norm of elementary operator induced by normal operators in a finite dimensional Hilbert

space. They gave the following theorem 2.2.4.

Theorem 2.2.4:( Nyamwala and Agure, 2008)
Let Ty 5 : B(H) — B(H) be an elementary operator defined by;

Tap=>.,AXB;,VYXecB(H)
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and A;, B; be normal operators and H a finite m-dimensional Hilbert space. Then

T = (Z?Zl |vii 1] Bis 12)2 where «;;, Bi; are distinct eigen values of A; and B; respectively.

Okelo and Agure (2008) used the spectral resolution theorem to obtain the norm of elementary

operator. They arrived at the following theorem 2.2.5;

Theorem 2.2.5: (Okelo and Agure, 2008 )
Let T : B(H) — B(H) be an elementary operator defined by;

T(X) =Y | AXB;, A;,B; € B(H), X € B(H)

where A;, B; are diagonal operators induced by «,,; and [3,,; respectively and H a finite

dimensional complex Hilbert space. Then 7' is bounded and
k
170 = 2> | i [ Bri ).

King’ang’i et al. (2014) determined the norm of elementary operator for finite-
dimensional separable Hilbert space W € B(H) with ||| = 1 and W (z) = z for all unit

vectors x € H. They gave the following result in the theorem 2.2.6;

Theorem 2.2.6: (King’ang’i et al., 2014)
Let H be a complex Hilbert space and B(H ) be algebra of all bounded linear operators on H.
Let F5 be the elementary operator on B(H). If for an operator W € B(H) with |[W]| = 1,

we have W (z) = x for all unit vectors x € H, then;

1Bl = 2 T3Sl

King’ang’i (2017) employed the concept of the maximal numerical range of 7S relative to S
to determine the lower bound of the norm of an elementary operator of length two. King’ang’i

(2017) proved the following theorem 2.2.7;

Theorem 2.2.7: (King’ang’i, 2017)

Let F, be an elementary operator of length two on B(H ). Then;
1Bzl = Supsews(r-s)IS1lI T2 + g Tall-

King’ang’i (2017) also determined the conditions under which the norm of an elementary
operator of length two is expressible in terms of the norms of its coefficients operators by

proving the following Corollary 2.2.8 and theorem 2.2.9;
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Corollary 2.2.8: (King’ang’i, 2017)
Let H be a complex Hilbert space and 7}, .S; be bounded linear operators on H for
i=1,2. Let 0 € Wg, (S752) UWs,(S]Ss). Then;

[E]] = (173115,

where F; is the elementary operator of length two.

Theorem 2.2.9: (King’ang’i, 2017)

Let H be a complex Hilbert space and 7}, S; be bounded linear operators on H for: = 1, 2.
Let E5 be an elementary operator of length two. If || 71 |||| 72| € Wi, (T217) and

[S1[[[[S2]l € W, (5752), then;

12l = 22 TSl

Finally, King’ang’i (2018) presented more results on the norm of this operator by employing
the concept of the Stampfli’s maximal numerical range. He determined the lower bound of
the norm of the operator £ and the conditions necessary to express the norm of Es in the

form || || = S22, ||T3|||S:|| thereby obtaining the following two results.

Theorem 2.2.10: (King’ang’i, 2018)
Let E, be an elementary operator on B(H) and S;, S € B(H). If \; € Wy(S;) for each

A € C,i = 1,2 then we have;

||E2|| > SUP/\ieWo(Si){H Z?:l >‘%TZ|| 1T € B(H)7 1=1, 2}'

Theorem 2.2.11: (King’ang’i, 2018)
Let F, be an elementary operator on B(H ) and Sy, Sy € B(H) fori = 1,2. If ||.S;|| € Wy(S;)
and ||T;|| € Wo(T;) fori = 1,2, then;

1Bl = 2 T3Sl

Also using the concept of finite rank operator Kawira ef al. (2018) determined the norm of the
elementary operator of finite length in C*-algebra and obtained the following theorem 2.2.12;
Theorem 2.2.12: ( Kawira ef al., 2018)

Let H be complex Hilbert spaces and B(H ) be the algebra of bounded linear operators on H.
Let E,, be elementary operator on B(H). If V X € B(H) with | X || = 1, we have X (f) = f

for all unit vector f € H then;
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1Enll = 325y 1Al Bill, n € N.

The above literature on norm of finite length elementary operator in different spaces gave
the study different spaces and methodologies that were used to determine the norm of the

finite-length elementary operator in tensor products of C*-algebras.

2.3 Jordan Elementary Operator

While working on a prime C*-algebras Mathieu (1990) determined the lower bound of the
norm of the Jordan elementary operator. He proved the following theorem 2.3.1;
Theorem 2.3.1: (Mathieu, 1990)

Let A be a prime C'*-algebra and A, B its elements. Then,;

IAX B + BXA| = 3 AllI|B].

Also Garcia and Palacios (1994) determined the norm of Jordan operator for J B*-algebras as

shown in theorem 2.3.2;

Theorem 2.3.2: (Garcia and Palacios , 1994)
Let Z be a JB*-algebra and A, B its elements. Then;

|AXB + BXA|| > 52|l A|l||B].

Stacho and Zalar (1996) also determined the norm of Jordan elementary operator for standard

operator algebras and proved the following theorem 2.3.3;

Theorem 2.3.3: (Stacho and Zalar, 1996 )
Let A be standard operator algebra on a Hilbert space H. If A, B € A, then the uniform

estimate;
|AXB + BXA| > 2(vZ - D] A[|1B].
Moreover, Bunce ef al. (1997) both sharped and extended the result of Garcia and Palacios.,

1994 for any prime J B*-triple. They arrived to the following result in form of the next propo-

sition 2.3.4.

Proposition 2.3.4: (Bunce et al., 1997)

Let A be a finite dimensional cartan factor. Then;
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IMasll = §IANBI, VA, B € A,

Working in different spaces that is prime C*-algebra, JB*-algebra, standard operator algebra,
and prime JB*-triple and also using different methods gave this research a gap. Where this

study determined the norm of Jordan elementary operator in tensor product of C*-algebras.

Stacho and Zalar (1998) also determined the norm of Jordan elementary operator for the
algebra of symmetric operators acting on a Hilbert space. Stacho and Zalar (1998) proved

result as shown in the theorem 2.3.5 that follows.
Theorem 2.3.5: ( Stacho and Zalar, 1998)
Let A, B € symm(H). Then;

[1Map + Mpall = [ A][|| Bl

In this case Stacho and Zalar (1998) were interested in the quantum mechanical Jordan algebra

symm(H) = {A € B(H); A*= A}

On their part, Barraa and Boumazgour (2001) used the concept of the maximal numerical
range and finite rank operators in prime C*-algebras to determine norm of Jordan elementary

operator and managed to arrive at theorem 2.3.6 ;

Theorem 2.3.6: (Barraa and Boumazgour, 2001)
LetT,S € B(H) with S # 0 then;
1Ursll = suprews-s {IISIT + S,

where Wg(T*S) = {A € C: 3z, € H, ||z,]| = 1, limp—0e (T*STp, xn) = A\, limp00l| S0 =
151}

As a consequence of this, Barraa and Boumazgour(2001) proved the following Corollary

2.3.7.

Corollary 2.3.7: (Barraa and Boumazgour, 2001)
Let H be a complex Hilbert space and 7,5 be bounded linear operators on H. If
0 € Ws(T*S) U Wrp(S*T), then;

1Uzsll = ITNS]]
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Barraa and Boumazgour(2001) also proved the following proposition 2.3.8.

Proposition 2.3.8:(Barraa and Boumazgour, 2001)
Let H be a complex Hilbert space and 7',S be bounded linear operators on H. If ||T]|||S]| €
W (T*S) N Wy (S*T), then;

1Uzsll =2 TI[[S]]-

Timoney (2003) determined the norm of an elementary operator on a C*-algebra using the
notion of matrix-valued numerical ranges and a kind of geometrical mean for positive matrices

and tracial geometric mean.

Theorem 2.3.9: (Timoney, 2003)
Assume that H is a two dimensional Hilbert space and A, B € B(H). Let Un g = Map +
Mp 4. Then;

1Uasll = [[A[[B]-

As a consequence Timoney (2003) also shown that;

Theorem 2.3.10: (Timoney, 2003)

Let A = B(H) and let T be an elementary operator on B(H ). Then we have equality;
ITI < 1Tl < 512250 A A5+ 1 2250 BB )

if and only if the intersection W,,.(a}, a3, ...... aX) N Wie(by, ba, ... b,) is empty.

This work of Timoney (2003) gave this work the bases of calculating the lower bound of the

norm of Jordan elementary operator in tensor product of C*-algebras

On their part, Blanco et al. (2004) determined norm of a Jordan elementary operator on a
(C*-algebra using the notion of matrix valued numerical ranges and a kind of geometrical mean
for positive matrices and tracial geometric mean.

Theorem 2.3.11: (Blanco et al., 2004)

Let H be a two dimensional complex Hilbert space, B(H) the algebra of bounded linear
operators on H. Let M4 p : B(H) — B(H) be defined by

Map(X)=AXB+ BXAV X € B(H) where A and B are fixed in B(H) and ey, e; are

othonormal basis of H then;
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[AXB + BXA[l = [[A[l||B]-

On his part Saddik(2004) expounded on the conditions that must be satisfied for ||[AX B +
BXA|| > 2(v/2—1)||Al||| B|| in Stacho and Zalar (1996) to hold by using algebraic numerical
range and Joint spatial numerical range and obtained theorem 2.3.12

Theorem 2.3.12: (Saddik, 2004)

Let E be a Hilbert space, then the lower bound of Jordan Elementary Operator

1UAs\TIl = 2(v2 = DAl B

holds if one of the following two conditions is satisfied.
(i) J is a Standard Operator algebra of B(F) and A, B € J
(ii) J is norm ideal of B(F) and A, B € B(FE).

Similarly, Xiaoli and Guoxing (2008) discussed the norm of U4 g by showing that if dimH =
2and ||Ua g|| = [|A|l||B||, then either AB* or B* A is 0 and also gave some examples of Jordan

elementary operators U4 p such that
|Ua sl = Al B]l, but AB* # 0 B*A # 0,

which answer negatively a question posed by Boumazgour (2008). Generally, Xiaoli and
Guoxing (2008) answered the question of the conditions under which the norm of Jordan

elementary operator in C*-algebra expressible in terms of the norm of its coefficient operators.

Further, Nyamwala (2009) calculated the norm of symmetric two sided multiplication op-

erator Ipg, E = PEQ) + Qi EP defined on C*-algebra C*(P, i, 1) generated by P and
Q-

Theorem 2.3.13: (Nyamwala, 2009)
Let Tpq, E = PEQ) + QrEP be a symmetrized two sided multiplication operator then;

limAk_>0||TkaH = 2and limAk_m“TkaHQ = 2.

Finally, Okelo et al. (2010) determined the norm of Jordan elementary operator
Map(X)=AXB+ BXAV X € B(H) and A, B fixed in B(H). In particular, Okelo et
al (2010) proved the theorem 2.3.14;

Theorem 2.3.14: (Okelo et al., 2010)
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Consider a norm-attainable Jordan elementary operator M4 5 : B(H) — B(H) defined by
Myp(X)=AXB+BXAVX € B(H) . Assume A, B € B(H) are norm-attainable such
that A = ¢Q and B = ¢R where Q = |A| and R = |B| and ¢ is unitary in B(H). Then;

1Uasll = [[A[llB].

The literature from Nyamwala (2009) and Okelo ef al. (2010) also highlighted the norm of
Jordan elementary operator in different spaces using different methods but there exists no
literature norm of Jordan elementary operator in the tensor product of C*— algebras. This
created the need for determining the norm of Jordan elementary operator in tensor product
of C*— algebras due to its wide range of use in physics. Thus this was one of the study’s

objective that was solved.

2.4 Elementary Operator in Tensor Product
In 2018, Muiruri et al. defined the elementary operator in a tensor product of C*-algebras and

obtained the following;

Let H ® K be tensor product of complex Hilbert spaces H and K and B(H ® K), the set
of bounded linear operators on H @ K, A ® B,C ® D being fixed elements of B(H ® K),
where A, C' € B(H), the set of bounded linear operators on H and B, D € B(K), the set of

bounded linear operators on K. Then:-

An elementary operator, T,, : B(H ® K) — B(H ® K), is defined as;
T,(XY)=>" A®B((X®Y)C;eD;,VXR®Y € B(H® K),

A;® By, C;® D, being fixed elements of B(H ® K'), where A;, C; € B(H), the set of bounded

linear operators on H and B;, D; € B(K), the set of bounded linear operators on K.

When n = 1 we obtain the basic elementary operator, Magp cep : B(H®K) - B(H®K),

defined as;
Magcep(X®Y) =A@ BX®Y)C®D,VX®Y € B(H® K).
When n = 2 then we obtain an elementary operator of legth two which is defined by;

THX®Y)=A @B (X®Y)C) ®Dy+ Ay @ By(X 9Y)Co® Dy, VX ®Y € BH®K)
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and A; ® B;, C; ® D; being fixed elements of B(H ® K), where A;, C; € B(H), the set of
bounded linear operators on H and B;, D; € B(K), the set of bounded linear operators on

K.
The Jordan elementary operator, Uagp.ceop : B(H ® K) — B(H ® K), is defined as;

Unopcop(X @Y)=ABX®Y)C®D+CD(X®Y)A® B,
VX ®Y € B(H®K),

A® B,C ® D being fixed elements of B(H ® K), where A, C' € B(H ), the set of bounded

linear operators on H and B, D € B(K), the set of bounded linear operators on K.

These definitions resulted in the determination of the norm of basic elementary operator in a

tensor product using different methods.

Using the rank one operator and properties of tensor product Muiruri ef al. (2018), proved

the following theorem 2.4.1;

Theorem 2.4.1:(Muiruri et al., 2018)
Let H and K be complex Hilbert spaces and B(H ® K) be the set of bounded linear operators
on H® K. ThenVX ® Y € B(H ® K) with || X ® Y|| = 1, we have;

IMags.conll = [[AIBIICIDI.
where A, C' and B, D are fixed elements in B(H ) and B(K) respectively.
Consequenly, Muiruri ef al. (2018) related the norm of basic elementary operator in tensor

product and the usual norm in this elementary operator in C*-algebra and arrived at the corol-

lary 2.4.2;

Corollary 2.4.2:(Muiruri et al., 2018)
Let H and K be complex Hilbert spaces and B(H ® K) be the set of bounded linear operators
onH® K .ThenVX ®Y € B(H® K)with | X ® Y| =1, we have;

IMags.cepll = [[Maclll|Ms,pll-

where M4 o and Mp p are basic elementary operators in B(H ) and B(K) respectively.

Daniel et al. (2022) extended the result of Muiruri ef al. (2018) by using the stampfli’s
maximal numerical range to determine the norm of basic elementary operator in a tensor

product and they obtained the following theorem 2.4.3;
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Theorem 2.4.3:(Daniel et al., 2022)

Let H and K be Hilbert spaces and let O 455 o« p be basic elementary operator on B(H ® K).
fVX®Y e BH® K)with | X®Y| =1,A,C € B(Z),B,D € B(K) ¢ € Wy(C),
¢ € Wy(D) then we have;

10as8.can\B(H @ K[| = Supcewsc)Supecwo o) {[CIIEN ANl B}

Finally, Daniel et al., (2023) determined the bounds of the norm of elementary operator of
length two in tensor product using the Stampfli maximal numerical range and obtained theo-

rem 2.4.4

Theorem 2.4.4: (Daniel et al., 2023).

Let H and K be Hilbert spaces and let O 455 cop be the elementary operator of length two on
BH®K). IfVX®Y € BlH® K)with [ X®Y| =1, A;,C; € B(H), B;, D; € B(K),
¢, € Wo(Cy), & € Wo(D;) Vi = 1,2 then we have;

132521 O2a:08,. .00 \B(H @ K)|| = Supccwy(c) Supeewop{ Dy 16l GlllA: 1Bl

From the above definitions from Muiruri ef al. (2018) on elementary operator in tensor prod-
uct and the norms in Muiruri et al. (2018) and Daniel et al. (2022) created a better background
for the extension of the determination of norms of elementary operator of finite length (n) and
Jordan elementary operator in tensor product of C*-algebras which this research solved in

detail.

2.5 Tensor Product of C*-algebras and Operator Spaces
This section discusses tensor products, the construction of tensor products, tensor products
in Hilbert spaces, tensor products of C*-algebras, and tensor product of operators. Finally, it

looks at some properties of tensor products

2.5.1 Tensor product of Hilbert spaces.
Let H and K be fixed Hilbert spaces with inner/scalar products (z, x) and (y, y) respectively.
The tensor product of H and K is a Hilbert space H @ K,where ® : H x K - H ® K,

(z,y) = (r ® y) is a bilinear mapping such that;

(i) The set of all vectors (z ® y) : © € H,y € K form a total subset of

H ® K , that is it’s closed linear span( the minimum closed set containing the

31



intersection of all subspaces containing the set) is equal to H ® K.
NB: A subset 7" of a topological space V' is a total fundamental set if the linear

span of T"is dense in V.

(i) (z1 ® 1,22 ® Yo) = (w1, 22) (Y1, y2) V1,22 € H and Yy, y» € K.

In condition above putting 1 = x5 = x and y; = yo = y, we have

lz @ yll = [yl

The linearity of the mapping ®(x,y) = x ® y implies that ® is linear with respect to the two

coordinates, that is;
() (11 +22) QY =721 QY + 12D Y.
(i) (M) @y = ANz ®y).
(i) 2@ (y1 +12) =2 QY1 + 7 Q ya.
(iv) 2@ (\y) = Mz ®@y).

(v) The set of all vectors p(z,y),x € H and y € K form a total subset of H ® K.

2.5.2 Some Properties of Tensor Products.

Below the study highlights some of the properties of tensor products. We assume we are given
a tensor product (H ® K, ®), where the symbol ® in the second coordinate abbreviates the
associated bi-linear mapping.

Proposition 2.5.2.1: ( Barberian.,2013) If Y, x;, ® y, = 0 and y, are linearly independent

Proposition 2.5.2.2: ( Barberian.,2013) If € is a complex vector spaceand o : H @ K — ¢

is any linear mapping, then ¢(z,y) = «(z, y) defines a bi-linear mapping ¢ : H x K — «.

Lemma 2.5.2.3: ( Barberian.,2013) If ¢y : H x K — ¢ is a bi-linear mapping, then every

relation ;' _, z ® y;, = 0 implies

22:1 Y(xg, yx) = 0.
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Proposition 2.5.2.4: ( Barberian.,2013) If ¢ : H x K — ¢ is any linear mapping, there exists

a unique linear mapping o : H ® K — ¢ such that;

Y(z,y) =alr®y).

Theorem 2.5.2.5: ( Barberian.,2013) If (H ® K, ®) and (H® K, ®) are any two tensor prod-
ucts of H and K, then there exists a unique bounded linear mapping U : H® K — H®K such
that U(z ® y) = x®y) . This mapping is unitary and (Uu, Vv) = (u,v) foru,v € H ® K .

This properties of tensor product creates the basis of the study’s solutions

2.5.3 Tensor Product Bases

Consider Hilbert spaces H and K with orthonormal bases ¢; and v; respectively. The follow-

ing basic result shows how to build basis for H ® K.

Theorem 2.5.3.1( Barberian.,2013) Let H and K be Hilbert spaces with orthonormal basis

¢; and v; respectively then {¢; ® v;} is an orthonormal basis for H ® K.

2.5.4 Construction of H ® K

As earlier, if H and K be fixed Hilbert spaces, then the following property hold;

If T": K — H is conjugate- linear that is

T(ay1 + byg) = C_LT(yl) + Z_)Tyg
Ya,b € C,y;,ys € K and @, b are complex conjugate of a, b respectively ( briefly C —linear)
and bounded, there exist a unique ¢ — linear bounded T’ : H — K such that

(Tx,y) = (Ty,z) (r € H,y € K).

Thus if we denote by B¢ the set of all bounded C' — linear mappings 7' : K — H, more
precisely Bo (K, H), clearly B¢ is a complex vector space, relative to the natural operations
eg (A\T)x = \(T'z).

If T € Bo(K,H) sois T € Bo(K, H). The following remark is due to Barberian (2013)

and helps in obtaining the propertis of adjoint operator.

Remark 2.5.4.1:( Barberian.,2013) If S, 7" € B¢ (K, H) and A is a complex, then;
() T =T

33



(i) 7] = 17|
(iii) (S+T)* =S¥ +T*
(iv) (AT)* = AT™

(v) if A € B(H) and B € B(H) are bounded linear operators then (AT B)* =
B*T*A*

Denote by .J the set of all T' € B¢ (K, H) for which ), . ||T fi|| < +o0.

J does not depend on specific basis { fi} , more precisely J = J(K, H) and J is a Hilbert
space and has properties required of the Hilbert space ¢ in the definition of tensor product. If
S, T € J,set (S,T) = > ycr (ST, Tfr) = D jc;(S"ei, T"e;) ( the sum being absolutely
convergent and independent of specific orthonormal basis). Thus if S, 7" € J(K, H) . Then
(S, T) = (S*, T*) (The right-hand side is given by above applied in J(K, H) ) more

(T,7) =32 1Tl = 0.
IfT € J, we write ||T||s = (T, T)= . The notation ||T| is reserved for bounded of 7" as an

operator of K. T — T* effects a scalar-product preserving linear isomorphism of J(K, H)

onto J(K, H) . In particular
172 = 11Tl

. Thus if " € Bo(K, H) , then T'f; = ). \;je; for suitable unique scalars \;; . The array
(Ai;) is called the matrix of 7" ( relative to the given orthonormal bases). By parseval’s identity
ITfill* = 3 | Aijei | hence
2T hIP =200 1 Agea 2 -
Thus T € J = J(K, H) iff Y, | Aijei |*< +o0, ie its matrix is “Square —Summable”.
Denote by M the set of all matrices (\;;) for which;
Zi | /\ijei |2< “+00 .

Then following property holds:
The correspondence 1" — (\;;) (1" € J), where ();;) is the matrix of T related to the given or-
thonormal bases, is a linear isomorphism of .J onto M, preserving scalar product. In particular

J is a Hilbert space related to ((S,T)).

34



Ifr e Handy € K,T € J then;
(r®@y,T) = (z,Ty).
This concept was very important for solving all the three specific objective of this study.

Clearly, for x, x1, 20 € H and y, y1,y> € K.

() (T14+22)QYU=21QYy+ 22 @Yy, A\z) Ry = Az ®@Y).
TR +y) =2y +rRyY,x® (A\y) =Nz ®y).

(i) (21 @ y1, 29 @ ya(= (w1, 22) (Y1, y2) hence ||z @ ylla = [[z[|[ly]-
(iii) (z@y)" =y©a.
Denote by Jy = Jo(K, H) the set of all finite sums of elements tQy of HRK (v € H,y € K)

. Since (A\z) @ y = Mz ®@y), Jo is a linear subspace of .J and from (iii) above T' — T% maps
Jo(K, H) onto Jo(K, H).

2.5.5 Tensor Product of Operators
Lemma 2.5.5.1( Berberian.,2013 [Lemma 11]) If 7" € J(H),A € B(H), B € B(H) , then;

ATB* € J(K, H) and [ATB*[|y < [|A[{| BI[|[T1]2-
The following properties holds:-

(i) For a fixed A € B(H),B € B(K) , the mapping I" — ATB*(T € J)isa
bounded linear mapping of the Hilbert space J onto J. We denote A ® B thus
A® B e B(J).

(i) If A € B(H), B € B(K) , there exists a unique C' € B(H ® K) such that;
Clzx®y)=Ax® By,Vx € H,y € K,

namely C' = A ® B.
(i11)) With the obvious notations

(@ (A1+A)®B=A4,®B+ A, ®B,(AM)® B =\A® B).
A®(B1+ B) =A® B+ A® By, A® (AB) = AM(A® B).
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(b) I ® I = I (I the identity mapping on H and K (H ® K).
(c) (A® B)(C®D)=AC® BD,).

(d) (A® B)* = A* @ B*.

() [|[A® Bl = [|AllBI.

(f) A® B s invertible iff A and B are both invertible, in which case (A ®
B)y'=A"1'® B

(g) if o denotes spectrum, then 0(A ® B) = og(A)o(B) = (Au : X €
o(A), € o(B).
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CHAPTER THREE
RESEARCH METHODOLOGY

3.1 Study Site

The research was based at Chuka University Postgraduate Library.

3.2 General Approach

For a successful completion of this study, background of C*-algebras, tensor product of C*-
algebras, knowledge of elementary operators, linear operators, operator theory and tensor

products of vectors and their properties was required.

3.3 Technical Approach

Specifically, to achieve the objectives, the study required the following;

3.3.1 Norm of Finite Length Elementary Operator

The definition of finite length elementary operator in tensor product of C*-algebras accord-
ing to Muiruri ef al. (2018) was used to formulate and solve the results of this study’s first
objective. The definition states that if H ® K is a tensor product of complex Hilbert spaces
H and K and B(H ® K) is a set of bounded linear operators on H ® K. Then:-

An elementary operator, T,, : B(H ® K) — B(H ® K), is defined as;

T,(XY)=>" A®B(X®Y)C;®D;,VX®Y € B(H ® K),

where A; ® B;, C; ® D; are fixed elements of B(H ® K) and A;, C; € B(H), B;, D; € B(K)
The definition also served as the foundation in determining the lower and upper bounds of the

norm of the finite length elementary operator in the tensor product of C*-algebras.

The result of the norm of basic elementary operator in tensor product of C*-algebras using
finite rank operators and properties of tensor product of C*-algebras by Muiruri ef al. (2018)
also acted as a backbone for achieving the results of this study. They found that if 4 and K
are complex Hilbert spaces and B(H ® K) is a set of bounded linear operators on H ® K,
then VX ® Y € B(H ® K) with || X @ Y|| = 1, we have | Mags.cepll = ||Alll|BIIIC D,
where A, C' and B, D are fixed elements in B(H ) and B(K) respectively.
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They first showed that || Mags.cenll < | AllllBI/[[C[|| D]

By definition,

[Magp,cop\B(H ® K)|| = sup{[[Magp,cop(X ®Y)|: X @Y € B(H @ K),
IX @Y =1},

[Masp,cop\B(H ® K)|| = {[Magpcep(X @Y)||: X ®Y € B(H® K),
X @Y =1}

Then we have Ve > 0;

|Magp,cep\B(H® K)|| —e < {[[Magpcep(X @Y)|: X®Y € B(H ® K),
X @Y =1}

IMagp.cep\B(H @ K)| - < [[A® B(X @ Y)C® D)|| = |[AXC ® BY D||
since € > () was arbitrarily taken then
|Magp.cop\B(H © K)| < |[AXC ® BY D|| = [|AXC[||BY D||
since ||.X || = 1 then :
[AxXcl < lAlIXTICl = fAffCl
Thus;
[AXCl < fAflC]
Also,since ||Y|| = 1, then:
IBY D|| < |[BIl[| D]

Thus :
[Masp,con\B(H ® K)| < [[AXC||BY D[l < [|A[[[| B[|CI| D]
Thus;

IMags.cep\B(H @ K)|| < [[A[[|BIC] D]

Conversily,let there exist a sequence {e,, ® f,, } of unit vectors in H ® K for each e,, € H and

fn € K then for eachn > 1, we have:
[Magp,.con(X @Y)(en ® fo)ll < [Magp,cep(X @Y)|lllen ® full

< [[Mags.cepll(X @Y)llen © full = [[Maos.cop I XY | lenlll[ £
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Hence

|Mags,cepll = [Magpcen(X @Y )(en ® fr)| = [A® B(X ®Y)C @ D(e, ® f,)]|

=A@ BX®Y)C®D(e, @ f)ll =A@ B(X®Y)Ce, ® Df,||
= |A® B(XCe, ® YDf,)|| = [|AXCe, ® BY Df,|| = | AXCe,||[| BY Df,||

Thus we obtain that;
[Masp.copll 2 [[AXCe||[| BY D f|

Now, let u,v : H — R™ be functionals

From above, choosing unit vectors x1, x5 and define the finite rank operators

A=u®uz, 1 € H,||z1]| = 1 by Ae,, = (u® z1)e, = u(e,)z; and
C=v®ux9,29 € H,|22|| = 1by Ce,, = (v® x2)e, = v(e,)zs

We observe that the norm of A is

IA[l = sup{[l(uv @ z1)en]| - en € H, [laa]| = 1}
— supf{|luen)z1] : en € H, [l21]] = 1}
= sup{| u(en) | 21l - en € H, ||| = 1}
= sup{| u(en) |: en € H} =[ u(en) |

That is || A|| =| u(e,) | forany e,, € H

Likewise using the concept above,the norm of C'is ||C|| =| v(e,,) | forany e, € H
Therefore, we have | AX Ce,|| = ||(u ® z1) X (v ® 23))e, ||

By defination of finite rank operator then:

1w @ 1) X (v @ 25))en| = [[(u ® 1) X (v(en)2s) |
= [[(u @ z1) X (v(en)za)l| =] v(en) [ [[(u @ 1) X (22)]]
=l v(en) | u(X(z2))za]] =| ven) || w(X(22)) | [laa]l = [[A[]IC]]

Then this shows that;
[AX Ce, || = [[AlllICl
Following the same steps as shown above then;

IBY Dl = IBI[| D]
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Thus it is clear that :
[Mas.copll| XY > |AX Ce,|||BY D f,|| = | AICII B[ D
Thus:

[Mass.conll = [|AIBICD]
Then;

IMags.cenll = ANIBIICID]

As a consequence of the above, Muiruri et al. (2018) related the norm of basic elementary
operator in tensor product and the usual norm in this elementary operator in C*-algebra and
found that if H and K be complex Hilbert spaces and B(H ® K) be the set of bounded
linear operators on H ® K, then VX ® Y € B(H ® K) with | X ® V|| = 1, we have
| Mags.copll = |Maclll|Mp,p|| , where M4 ¢ and Mp p are basic elementary operators in
B(H) and B(K) respectively. This result was also of importance for this study since from the
definition basic elementary operator is an elementary operator for n = 1, the study generalized
Muiruri et al. (2018)’s findings for n = 1 to any n. In order to state and prove the norm of the
finite length elementary operator in the tensor product of C*-algebras, Muiruri et al. (2018)

work was highly consulted.

The study also used the result of Daniel et al. (2022) where they used the stampli maximal
numerical range to determine the norm of basic elementary operator in a tensor product to
work out the norm. Daniel ez al. (2022) gave this study more properties of tensor product that
was combined with the concept of finite rank operators to obtain the norm of the finite length
elementary operator in the tensor product of C*-algebras. In their result they obtained that if
H and K be Hilbert spaces and let O 445 csp be basic elementary operator on B(H ® K).
fYX®Y e B H® K)with|X®Y| =1,A,C € B(H), B,D € B(K) ¢ € Wy(C),
& € Wy(D) then;

10ae8.000\B(H @ K)|| = Supcew,(c)Supeewom) { SN ANl BI[}

The study also highly used the concept of Kawira et al. (2018). For their result they deter-
mined the norm of finite length elementary operator in C*-algebra and found that for a com-
plex Hilbert space H and algebra of bounded linear operator B(H) on H. Then VX € B(H)
with || X|| = 1, we have X (f) = f for all unit vector f € H ||E,| = >, || Alll|Bill,
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n € N. This result was utilized to establish the norm of the finite length elementary operator
in the tensor product of C*-algebras since the study introduce the idea of tensor product of

C*-algebras rather than C*-algebras.

The definition of finite rank operator according to Erdman (2015) played a critical role in
obtaining the norm of finite length operator mapping in this study. In his study he defined
finite rank operator as; For a complex Hilbert space H, with dual H*, define a functional
u : H — R, then a finite rank operator v ® x : H — H is defined by (u ® z)y = u(y)x, ¥V
y € H, where u € H* and x € H is a unit vector, with;
lu @ || = sup{[|(v @ x)yl| -y € H - |[xf| = 1}

= sup{[lu(y)z| -y € H}

= sup{| u(y) [ lzll -y € H - [lzf| = 1}

=lu(y) |-y € H.

The Concept of tensor product of Hilbert spaces and some properties of tensor products in
Barberian (2013) was also of importance for this study. This entailed that for fixed Hilbert
spaces H = {z,........ tand K = {y,........ } with inner/scalar products (z,x) and (y,y)
respectively. The tensor product of H and K is a Hilbert space H ® K,where ® : H x K —
H® K, (z,y) — (x ® y) is a bilinear mapping such that;

(i) The set of all vectors (z ® y) : © € H,y € K form a total subset of
H ® K , that is it’s closed linear span( the minimum closed set containing the
intersection of all subspaces containing the set) is equal to H ® K.
NB: A subset 7" of a topological space V' is a total fundamental set if the linear

span of T"is dense in V.

(i) (21 ® y1, 22 @ y2) = (z1,T2) (Y1, Y2) V21,22 € H and Vy;, 4 € K.

In condition above putting vy = x5 = z and y; = y» = y, we have
[z @yl = llz[[l|y]l-

The linearity of the mapping ®(z,y) = = ® y implies that ® is linear with respect to the two

coordinates, that is;
(a) ($1+I2)®y=w1®y+w2®y.
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b) (\r) @y = ANz ®@y).
© 2@ (Y1 +y2) =2y + 2 ys.
(@) 2@ (\y) =ANz®yY).

(e) The set of all vectors p(x,y),z € H and y € K form a total subset of H ® K.

Some of the properties of tensor products utilized in this research includes that for a tensor
product (H ® K, ®) , where the symbol ® in the second coordinate abbreviates the associated

bi-linear mapping with the obvious notations

() (A1+A4)®B=40B+A®B,(AM)® B =\A®B).
A® (By+By) =A®B; + A® By, A® (AB) = \(A® B).

(i) I ® I = I (I the identity mapping on H and K (H ® K).
(iii) (A® B)(C ® D) = (AC ® BD).

(iv) (A® B)* = A*® B*.

v [[Ae B[ = [[AllB]|

(vi) A ® B is invertible iff A and B are both invertible, in which case (A ® B)™! =
A @B

(vii) if o denotes spectrum, then 0 (A® B) = 0(A)o(B) = (A : A € o(A), u € o(B).

The concept of tensor product and its properties played a crucial role in determining the norm

of the finite length elementary operator in the tensor product of C*-algebras in this study.

The following results and properties were also important in determining the norm of finite

length elementary operator in tensor product of C*-algebras as highlighted below;

(a) The work of Odero et al. (2015) where they determined the norm of tensor product

elementary operator and found that for an inner derivation (r, then
ICall = sup{l|AX — XB| : X € B(H), || X| =1}

=inf{A€C:A—X+B— A} A B¢c B(H).
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This result was used to relate to the norm of finite length elementary operator in tensor product
of C*-algeras since both inner derivation and finite length elementary operator are types of

elementary operator.

(b) Timoney (2001) in determining the general norm of basic elementary operator in C*-
algebra. Timoney (2001) obtained that fora C*-algebra B(H ), then || M4 g|| = sup{||Ma s(X)| :
X € B(H)}=sup{||AXB|| : X € B(H)} where X denotes the set of unitaries in B(H) was
used to established the background for this study’s determination of the upper bound of the

norms of finite length elementary operator in the tensor product of C*-algebras.

(c) The concept of triangular inequality for norms of linear operators S,7 € B(X,Y), of
whichVz € X : ||[(S+T) ()| < (|IS|| + ||T]))||=|| was also used in determining the bounds

of the norms of finite length elementary operator in the tensor product of C*-algebras.

(d) Okelo (2021) determined the norm of sum of tensor product of operators where he found

that, if A, B € B(H) and let A ® B denote the tensor product of A and B then

IA® B+ B @Al < 2[AP[ Bl + 2/ B*All.

In deed we have

| A B+BRA|I>’=(A®B+B® A, A2 B+ B® A)
=(A®B,A®B)+(A®B,BRA)+(B® A, A®B)+ (B A, B® A)

= (A, A)+ (B,B)+ (A, B)+ (B, A)(B,B) + (B, A)(A, B) + (A, A)(B, B)

— |AIIZ|BI2 + | BI2[| Al + 2Re(B, A)(A, B)

So by Cauchy-Schwartz inequality

lA® B+ B All? < [[APIBI* + [IBIPIIAI* + 2Re(B, A)(A, B) = 2||A|*|BI* +
21| AlP(1BI (1B

But || B|| = || B*|| ,so the right hand of the above equation,we get:
IA® B+ B® Al < 2| A B|* + 2[|A|*| B**

Taking the positive square root on both sides yields.

lA® B+ B® Al < {2[AP[B[ + 2] Al*[| B[},

hence shown.
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This gave this study an overview of how to obtain the norms and also gave the study properties
appropriate when determining the norm of finite length elementary operator in tensor product

of C*-algebras.

(e) The Okelo and Agure (2011), theorem 4.2, where they determined the norm of the basic
elementary operator using the finite rank operator and obtained that if [ is a Hilbert space,
B(H) the algebra of bounded linear operators on H and if My s : B(H) — B(H) is defined
by Mrs =TXS,VX € B(H) where A and B are fixed in B(H ) then;

[ Mrs|| = [IT/[[S]]

for [|[W|| = 1 and for W (z) = x, V unit vectors x € H.
Indeed, we have

Since || Mr,s\B(H)| = sup{||Mrs(W)|| : W € B(H), |W| = 1}
We have,Ve > 0;
M7 s\B(H)|| — e < {[|[Mrs(W)| : W € B(H), W] =1}
Therefore
[Mr\B(H)|| —e < [TWS| < [[T[[IS]]
Letting ¢ — 0 we obtain
[Mr \BH)| < [[T[|15]]

On the other hand, we have:

M7 s\B(H)|| = [[Mr,s(W)|,YW € B(H), [[W| =1
with:

M7 s\B(H)|| = sup{||Mr,s(W)z| : x € H, ||z| =1}
So, letting 7' = u ® x1, Vo, € H, ||z|| = 1and S = v ® xq,Vas € H, ||25]| = 1, we have:
|\ Mrs\B(H)|| > || Mrs(W)|,YW € B(H), ||W| =1, with T, S fixed in B(H).

= [I((u @ )W (v @ z2))yl| = [[(u @ 21 )W (v(y)z,) |
= [l(u @ 1) (v(y)Waa)l| = [v(y)l[[(u @ z1)W (z5)]
o) [[uW (z2)a1 ]| = |o(y)[[u(W (@2))]llz2 ]| = [T]]S]
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Obtaining:

[Mrs\B(H)|| = | TlS]]
Hence , we obtain;

[ Mz, \B(H)| = [T]|S]]-

The statement assisted this study in developing the solutions while the proof using the concept

of finite rank operator gave the study the methodology to use in determining the norm.

3.3.2 Norm of Jordan Elementary Operator

The study used other known norm of Jordan elementary operator in C*-algebra for the state-
ment and proof of this objective. The following is the highlight of the most important results

which created the bases of this research in this objective.

(a) Baraa and Boumazgour (2001), where they showed that for a complex Hilbert space
H and bounded linear operators T and S on H, if 0 € W(T™*S) U Wr(S*T'), then;

1Uzsll = ITNS]I

This result was used in obtaining the lower bound of the norms of Jordan elementary operators

in tensor product of C*-algebras

Also Baraa and Boumazgour (2001) found that for a complex Hilbert space H and bounded
linear operators T and S on H, if | T'||||S]| € Ws(T™*S) N W (S*T), then;

1Uz.s]l = 2 TSI

for suppose | T||||S|| € Ws(T*S)NWp(S*T'). Then || T||||S|| € Ws(T*S) and ||T||||.S]| €
W (S*T), and therefore we can find two sequences {x,, }, 00 and {y, }n_ 00 Of unit vectors
in H such that:
1t 100 STy 50 = IS} Lt ocl| Tz = |7 and

Lirn o0 (ST Y, yn) = [ TIISs limmim ool [T ynll = || T
since | (S Twnn) [< || T[Szl and | (ST yn, yn) = [T Ynl|[15*ynl|, then

Lm0 || S| = | S]] and im0 |[S™ynl| = (IS
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For each n > 1, we have:
1(Uz,5(2n ® ¥)) S Yull* = [(T(2n ® yn) S + (@0 @ yn) TS Y1
= 17 (20 ® yn) S Yn + S(2 @ Yn) TS yull* = 1SS Y, yn) T + (T'S* Y, Y) S|
= [1{S"Yn, S*Yn) T + (TS* Y, Yu) STl|* = [[[1S*Yn P T + {T'S" Y, Y} S|
= (15" Ynl*T2n + (T'S*Yn, Yn) S, | S* Yl *T20 + (T'S* Y, Y) S
= IS ynll*T2al® + 2Re({T'S*Yn, yn) ST, 1S Y PTx)+ | (TS Y, yn) [* || S
= [S* yull | T2l + |S*ynl?2Re(T S Yy yn) (S T+ | (TS Yo, yn) [ (| S
= 1Syl 1Tz |* + 1S* Y IP2Re(TS Y, yn) (T* S, )+ | (TS Yo, y) | | S|
Now, we have:

1(Ur,s(zn @ yn)) s ynll < [|Ur,s(zn @ yn) [[1S™ynll < NUz,sl1157 4l
Therefore;

U518 gnll* Z 1S ynll* 1 T2 |2+ S Yl P2 Re(T S Y, yn ) (TS, )+ | (TS Yy ym) |2
(R

letting n — oo, we obtain;
1UzsIPI1S112 = ISIHITIP + 2SI + IS T = 4l1S|1*17)>
That is;
|Ur.s||? > 4]|S]|?||T||* and this implies that:
1Urs|l = 27151l
Clearly ||Urs| < 2||7||S]|| and therefore we obtain;
1Uz.sll = 2[[T]S]]-

The statement and proof of Baraa and Boumazgour (2001) was used in the statement and proof

of the equality in the norm of Jordan elementary operators in tensor product of C*-algebras.

(b) The work of Timoney (2003) where he determined the norm of an elementary operator on

a C*-algebra using the notion of matrix-valued numerical ranges and a kind of geometrical
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mean for positive matrices and tracial geometric mean and obtained that for a two dimensional
Hilbert space H and A, B € B(H). If Usp = Map + Mg 4 then ||Uag| > [|A||B]l-
Highlighted another method the study could use to determine norm of Jordan elementary

operators in tensor product of C*-algebras.

(c) Blanco et al. (2004) where they determined norm of a Jordan elementary operator on a C*-
algebra using the notion of matrix valued numerical ranges and a kind of geometrical mean
for positive matrices and tracial geometric mean. They concluded that for a two dimensional
complex Hilbert space H and an algebra of bounded linear operators B(H) on H. If M4 p :
B(H) — B(H) is defined by M4 g(X) = AXB+ BXA,V X € B(H) where A and B are
fixed in B(H) and ey, e5 are othonormal basis of H then ||AX B + BX A|| = ||Al|||B||- This
work was used in statement of the theorem in the determining the norm of Jordan elementary

operators in tensor product of C*-algebras.

(d) The Concept of tensor product of Hilbert spaces, C*-algebras, and operators and some
properties of tensor products in Barberian (2013) as indicated in subsection 3.3.1 was also

used to achieve the norm of Jordan elementary operators in tensor product of C*-algebras.

(e) The definition of Jordan elementary operator in tensor product of C*-algebras in Muiruri
et al. (2018) where they established that the Jordan elementary operator,
Ussp.osp : B(H® K) — B(H ® K), is defined as;

Unopcop(X @Y)=ARBX®Y)C®D+CD(XRY)A® B,
VX ®Y € B(H ® K),

A® B,C ® D being fixed elements of B(H ® K), where A, C' € B(H), the set of bounded
linear operators on H and B, D € B(K), the set of bounded linear operators on K was
the basis for calculating the norm of the Jordan elementary operator in the tensor product of

Cr-algebras

(f) Finally, the concept of finite rank operator and it’s application in determining the norm was
used to determine the norm of Jordan elementary operator in tensor product of C*-algebras

as indicated in subsection 3.3.1.
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3.3.3 Relationship of the Norm in Tensor Product of C*-algebras and
the Norm in C*-algebra

To establish the relationship of the Norm in B(H ® K) and B(H) and B(K) the concept of
relating the solutions in section 3.3.1 and 3.3.2 of this study in the determination of the norm
of finite length elementary operator and Jordan elementary operator in tensor product of C*-
algebras and the known norms in C*-algebras as indicated in subsections 3.3.1 and 3.3.2 was

used.

Also the concept used in relating the norm of basic elementary operator in tensor product of
C*-algebras and norm of basic elementary operator in C*-algebra in Muiruri ef al. (2018)were
used to relate the norm of Jordan elementary operator in tensor product of C*-algebras and
norm of Jordan elementary operator in C*-algebra. In their work Muiruri et al. (2028) ob-
tained that for complex Hilbert spaces H and K and the set of bounded linear operators
B(H® K)on H® K. ThenVX ® Y € B(H ® K) with |[X ® Y| = 1, we have
|\ Magn,copl = [|Macll||Mg,pl|l , where M4 ¢ and Mp p are basic elementary operators in
B(H) and B(K) respectively .

Recall that from Okelo and Agure (2011) theorem 4.2 we have that;

[Mac\B(H)|| = [|AIHIC], while | M p\B(K) = || B]|[| D]
Now, we have:
[Mags.cepl = [[AIIBIICHID]
We can rearrange this as:
[Mags.cenll = [[AIICHIBIID]

Notice that A,C' € B(H) , while B, D € B(K).

Then substituting, we obtain,;

|Mag,copll = [Macl|l|Mp,pl|
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3.3.4 Norm of an Arbitrary Elementary Operator in Tensor Product of
C*-algebras

For this section to determined the conditions under which the norm of an arbitrary elementary
operator in tensor product of C*-algebras is expressible in terms of norms of its coefficient

operators the study used;

(a) The concept of maximal numerical range of an operator 1" which is defined to be the

set
Wo(T) = {\: (Tan, 2,) — A, where ||[z|| = 1 and || Tz, ]| — | T}

was used to identify the condition under which the norm of an arbitrary elementary operator

in tensor product of C*-Algebras is expressible in terms of norms of its coefficient operators.

(b) The knowledge of rank one operator for which if y, z € H are unit vectors then rank one
operator, y ® z € B(H), is defined as (y ® z)x = (x, z)y for all unit vectors x € H was

used in this section to identify the norm in C*-algebras.

(c) The relationship between inner product and norm which is generally defined as, (z, z) =

||z||? was used in this study to obtain the norm.

(d) Also, this section used the concept of the statement and proof of King’ang’i et al (2014)
where they shown that for a complex Hilbert space H and algebra of all bounded linear op-
erators B(H) on H. If for an operator W € B(H) with ||| = 1, we have W (X) = X for

all unit vectors x € H, then;

2
12l = 22y ITGlI11S:1],

where Fj is the elementary operator on B(H).

Recall that Fy : B(H) — B(H) is defined as Ey(W) = /WS, + ToW S, , VW € B(H)
and T;, S; € B(H) for a fixed i = 1,2. We have

|E\B(H)|| = sup{[|E2(W)|| : W € B(H),[[W] =1}
Resulting to, || Ex\B(H)|| > || E2(W)|| YW € B(H) with |[W| = 1

So,Ve > 0, |[EAB(H)|| — & < ||[E,(W)[| VW € B(H) with || W] =1
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Therefore, || E,\B(H)|| — e < 320, 1T3]||15i].
Now, Letting ¢ — 0, we obtain:
1EAB(H)| < S TS
Next, we show that || Ey\B(H)|| > S22, || T3 1|S:||
Since ||E2(W)|| = sup{||[(E2(W))z|| : = € H, ||z|| = 1}, then we have
[E2(W)I{= [[(B2(W))z]| : w € H, ]| = 1}.
But Fy(W)x = (T1W Sy + ToW Ss)x.

Now, let u;, v; : H — R™ be functionals Vi = 1,2

From above, Choosing unit vectors y, = € H and define the rank one operators
Ti=u ®@y,y € H,|ly| = 1by Tix = (u; ® y)x = u(z)y
and
Si=v;®zz€ H,|z|| =1by Siz, = (v; ® 2)x = v;(x) 22

We observe that the norm of A is
T3 = sup{||(w; @ y)z| : = € H, [|Jz]| = 1}
= sup{||ui(z)yl| - v € H, [|z]| = 1}
= supf{| wi(z) | |yl : = € H, [[z]| = 1}
= sup{| ui(x) [ x € H, [lz]| = 1} =[ wi(z) |
That is ||T;|| =| ui(z) | forany x € H||z|| =1, fori = 1,2

Like wise , the norm of .S, is ||S;|| =| v;(z) | for any unit vector x € H with ||z|| = 1 for
i=12
Therefore, Vo € H with ||z|| = 1, we have
Es(W)x = (TiW S, + ToeW Sy)x = (AW Sh)x + (ToW Ss)x
= (w1 @YW (01 ® 2)z + (u2 @ y)W(ve ® 2)x
= (u1 @ yYWuor(z)z + (u2 @ y) Wua(z)z
= v1(2)(ur © Y)W (2) + va(2) (uz © y)W(2)
= v1(z)ur(W(2))y + va(x)us(W(2))y
Since || Eo(W)|| = sup{||(Es(W))x|| : € H, ||x|| = 1},we have
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1EAB(H)I? = [lvy(@)ur (W (2))y + va(a)uz(W (2))y[?

= (01(2)ur (W (2))y + va(2)ua(W (2))y, v1(2)ua (W (2))y + va(2)uz (W (2))y)
= ((@)u(W(2))y + va(2)ua(W(2))y, v1(2)ua (W (2))y) +
(01(2)ur(W(2))y + va(2)ua(W(2))y, va(@)ua (W (2))y)

(1(2)ur(W(2))y, v1(2)us (W (2))y) + (va(2)ua (W (2))y, v1(2)ur (W (2))y)
+ (i (@)ur (W(2))y, va()ua(W(2))y) + (va(2)ua(W(2))y, va(2)ua(W(2))y)
= [lor(@)ur (W (2)y[|* + va(@)ua(W (2))or (€)ur (W (2))(y, ) +
vi(@)ur (W (2))va(2)ua(W (2)) (yy) + |va(z)us (W (2))y|l*

=l vi(z) Pl ur(W(2) [ lyl* + va(@)ua (W (2))vr ()us (W (2))
+ vy () ur (W( 2(W(2))+ [ va(2) [P ua(W(2)) [* lyl®
= {[ (@) [[ w [} + va(@)ua (W (2)vr (2)ur (W (2))

+ o1 (@)ur (W (2)Jva(2)ua (W (2)) + {| va(2) [| ua(W(2)) [}

= {[ vi(@) || ur(W(2)) [}* + 201(2)ur (W (2))va (2 )uz (W (2))+

|

{l va(2) [ ua(W(2)) [}*.

)
)

8

~

Jva(z

W(z)

z

/\\//‘\\./

Ju
)
)
)

Now, since vy (z), u; (W (2)),ve(x) and us (W (z)) are positive real numbers , we have

vi(x) =| vi(@) [=] S [ ua(W(z2)) =[ wa(W(2)) |=] T1 |, va(2) =| va(x) |=[ S5 | and
u2(W(2)) =| u2(W(2)) [=| T2 |.

Thus [[E\B(H)[* 2 {[ Ta || St [P +2{{ Tu ([ Sy | T2 || S 132 +{| T2 || Sa |}

={|T1 || S1 |+ | T || Sz |}* and hence we have

IEABH) = {| T || Sy |+ | T | 82 [} = S, TS

which follows;

IEABH)| = 30, TS

Now this implies that:
IEA\BH)| = 325 TS

(e) King’ng’i (2017) where he determined the conditions on which the norm of an elementary
operator of length two is expressible in terms of the norms of its coefficients operators was
important for determining the conditions under which the norm of finite length elementary
operator in tensor product of C*-algebras is expressible in terms of the norms of'its coefficients
operators which is the third objective of this study. The following results are the highlights of
King’ang’i (2017).
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King’ang’i (2017) [Corollary 3.2]

Let H be a complex Hilbert space and 7}, .S; be bounded linear operators on H . Let 0 €
W, (S752) UWs, (S752) . Then || Es|| > ||T1||||S1]| , where Es is the elementary operator of
length two fori =1, 2.

King’ang’i (2017) [Theorem 3.3]

Let H be a complex Hilbert space and 7}, .S; be bounded linear operators on H fori = 1,2 .
Let Es be an elementary operator of length two if || 71| T3] € Wr, (T2T5) and ||S1]][|S2]| €
W, (5752) - Then || Eaf| = 320 [|T3/[].Si]]-

For Suppose that || 71]||| 12| € Wr, (T2T7) and [|S1]|]|S2|| € Ws,(S}S2) . Then there are

two sequence {z, }n—so0o and {Yy, } 0o such that;

limn oo (1217 )20, 2n) = |1 T3], Limnoo | T2y || = ||T1[| and
lima 00 ((ST52)Yn, Yn) = | S1lll[S2ll and Limp oo Sawn|| = || S2]]-

Since;

| (2T )n, wn) [< (T ||| T5 2]
and

| ((S192)4n, yn) [< (1529|190,
then limy, oo || T5 || = [|T2[| and limp oo [|S1ynll = |51l

For each n > 1, we have;

12 (20 @ yo) Trynl® = [(S1(20 @ y) Ty + Sa(20 @ y) To) Ty g
= [1S1(2n @ yn) W T Yn + Sa(wn @ yn) To Ty Y|

= (AT Y, Yn) S120 + (T2 T Yns Yn) Sanl?

= [T Yn, Ty yn) S120 + (T2T5 Yy Yn) S2n |

= T 12S120 + (ToT1 Yn, yn) Soxal||?

= (1T 1P S12n + {ToT7Yn, Yn) San, |1 TS 120 + (ToT1 Y0 Yn) S2n)

= | T71PIS120]1* + 2Re{{T2 T Y, ) Sams | T3 Y l"S120) + | (ToT s ) 17 [|S2a]?
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= 177 1S 12nl* + 20 T3 ynl* ReCT2 T Yo, Y ) (S22, S120)+ | (T2T7 Y, Y) 12 (S22l |?
= 171115120 1* + 20| T3y | * Re{To Ty Y, Yn) (7 S22n, Tn)+ | LT Yns ) | [ S2znl*.
Now, || 320, Mz sillITl = [1(Zim) Mr,.s. (40 © ya)) T 2,

Therefore,

1325 My s PN 2 N TF 1S 120l + 201 T3 yal 1> Re(To T Y, y) (S5 San, ) +
| (ToT7Yn, yn) |2 [1S2n|?

Letting n — oo, we obtain;

120 Mr s [PINT N = T A IS P + 20T P T T3S ]S2 ]+ 1721273 1]]S2] 1%
That is:

2
15" Mz s, |1 > I TAP ISP+ 20T [ T2 Syl Sl + (T2l 1S

But |T3][*[1Sy[1* + 20 T [ T2 Sl Sl + (T2l Sal* = (Tall1S ] + 172 Sal1)?

Thus, || 327, Mz, s, || 2 IT3ISU+ T2 |Sall = Y25, I TS

This follows || 2, My, s || = 2, |75

2 2 2 2
Clearly, || 35—y Mr,.s.[| < 32y ITill[[Sil], and thus [| > 55y My, s, = >y [Tl 1150

Hence;

1Bl = 32 TS

This result of King’ang’i (2017) [Theorem 3.3] was used to clearly determine the conditions

under which the norm of and arbitrary finite length elementary operator in tensor product of

C*-algebras is expressible in terms of its coeffiecient operators. .

The following results and properties helped in the construction and forming the basis of our

expected results. They also helped in verifying , comparing and proving this study’s results.

(1) Cauchy-Schwarz Inequality by Kreyszig (1991)

If X be an inner product space.Then for all z,y € X we have |(z,y)|* < (z,z)(y, y). Equal-

ity holds if and only if = and y are linearly dependent.Thus the Cauchy- Schwarz Inequality

can be written as
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(@, y) <|lz[[llyl]

In deed if y = 0, then (x y) = 0 and (y, y) = 0 and therefore the inequality above is satisfied.
If y # 0 and for A = yy 9) then

(, ) (y,v)
= Mz, y)
= ANy, z)
Since Az, y) = Az,y) then
[(z,y])?
W) W
- X<$7 y>
APy, )

since (z,y) = A(,v,¥)

Therefore by the axioms of the inner product of the inner product,then

<(x,z) + (z, = y) + (= Ay, x) + (= Ay, —A\y)

But Az, y) = K245 and |A[2(y, y) = L24E then;

(2, )* [yl | Koyl

0 <to.m) - W) (W) (, )
Nz y)P
<o) (y,y)

This implies that |(x,y|)? < (z,z){y,y) .
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The statement and proof of Cauchy-Schwarz Inequality helped in formulation of the proves

in this study because of the concept of the relationship between inner product and the norm.

(i1) Parallelogram law by Ponnusamy and Silverman (2006)

For any element belonging to an inner product space X then
lz +yll* + [lz =yl = 2(||=[1* + [ly[*)
By simply expanding on the left hand side then the right hand side obtained

|z +yll* = (z+y,2+y)
= (z,z) + (2,y) + (y,7) + (¥, ).
Also
|z =yl = (z —y,z —y)
= (z,2) + (z, —y) + (~y,7) + (~y, —y)

= (z,7) — (2,y) — (¥, 2) + (¥, )

This implies that

|z 4+ yl? + [z =yl = (=, 2) + (z,9) + (y, ) + (y,9) + (x,2) — (z,9) — (y,2) + (y,9)
= 2(z, ) +2(y,9)
= 2(I]|* + 1ly]I*)

The Parallelogram law was helpful for this study in bringing out clearly the concept of the

norm and squares norm.

(ii1) Cauchy-Scwarz-Bunyakovskii inequality by Gunawan (2002)

In every complex inner product space(V, (., .)) equipped with the norm ||u|| = /({u, u))Vu, v €
V we have |(u,v)| < ||ul|||v]|| and the equality holds if and only if u, v are linearly dependent
where ||.|| is defined above.

The Cauchy-Scwarz-Bunyakovskii inequality helps in obtaining the upper bounds of the norms

of elementary operators in this study.

(iv) The Ponnusamy and Silverman (2006) on norm on the inner product space.
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The function ||5.|| : X — R defined by ||x||o = (x, z) is an norm on the inner product space

X. Indeed

(a) ||z|| > 0forall z € X.
(b) ||z|| =0,z =oforallz € X.

(©) [|Az|]* = |M]?||z||* forallz € X and ) is a scalar.This implies that || Az|| = |\|||z||

@ |lz+ylP=(z+y2+y)
= (z,2) + (z,y) + (v, ) + (y,9)
= ||| + 2Re(z,y) + [|y||
< l=[* + 2[z, )| + [lyl[* < (=] + [lyl])*

Hence
[l +yl* < (Il + [lyl)*.

Getting the positive square root on both sides of the inequality above, then;
[z +yll < [lz]] + |yl

This was very important for our study in bring out clearly the concept of the norm and inner

product.

(v) Jordan-Von Neumann Theorem by Ponnusamy and Silverman (2006).
The norm of normed space X is given by an inner product space if and only if the norm

satisfies the parallelogram law.

(vi) The Kinyanjui et a/.,2018 (Lemma 2.8) on estimating the norms of norm-attainable ele-
mentary operators helped in estimating the norm of an operator. Which states that;

If XY and Z be normed spaces over a field K. Then the following facts holds:

(a) B(X,Y)is anormed space over K under the operator norm.

(b) IfY is complete , then B(X,Y) is complete.
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(c) If Z is normed space over K and 7" € B(X, Z)and S € B(Y, Z), then the compo-
sition SoT = ST belongs to B(.X, Z) and the operator norm is sub multiplicative,
thatis ||S o T|| = ||ST]|.

(d) If Xis finite dimensional, then any linear mapping bounded ,that is L(X,Y) =
B(X,Y).

Indeed if 7', S € B(X,Y) then;
(a) ||T|| > 0since it is defined as the supremum of a set of non negative real numbers.

(b) Also

IXT[| = sup [[(AT)z|].

||f]=1

= su Al T]].
z||=1

= (AT

for all scalar A\ € F.In particular , 7" € B(X,Y) this implies that A" € B(X,Y)
for N € F

(c) Since the
SUP| =1 | [(T"+ S)z|| < sup)j iz |7z ][ + supy =1 |[Sz]]-
It follows
T + S| < [IT]] + [|5]]
In particular 7', S € B(X,Y) implies that 7'+ S € B(X,Y)

Therefore B(X,Y') is a normed space.Taking 7, to be a Cauchy sequence in B(X,Y') where

Y is a Banach space , then

T, — Ton|| — 0as n,m — oo
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since for each x € X we have

[[Tos — Ton|| = |[(To — Tn) ||

<||T., — Tlll|z]| = Oasn,m — oo

it follows that 7}, is a Cauchy sequence in Y for each x € X .Thus by completeness of Y'it has

a limit in Y, that is
lim, o Thx =T

By the estimate ||7},|| — ||T,|| the real sequence ||7,|| is Cauchy and hence bounded since all
Cauchy sequences are bounded and therefore there exists a constant K with ||T,,z|| < K||z||
forall z € X and n > 1.7,, — T in the operator norm of B(X,Y") since
1T = T| = supjpy <1 |[Toz — T
= SUP| <1 iMoo || Tn — Tz
< SUP|jgy <1 iMoo T — T ]|
< limy, 00| | T — T
Since T, is Cauchy , it follows that ||7,, — T'|| — 0 as n — oo and therefore 7,, — T is the

operator norm of B(X,Y').The operator norm is sub multiplicative since if z € X, then

N(ST)X]| = [|S(T)|
< |[SII[T=|
< [ISIIT[]l]-

Which follows that if 7" € B(X,Y) and S € B(X,Y)then S,T € B(X,Y )and
1S o T[] < [IS]I[|T]]-

(vii) The King’ang’i (2018) (Theorem 3.4) on the conditions under which the norm of ele-
mentary operator of length two is expressible in terms of the norm of its co-efficient operators
was also used to arrive to our results in this study. King’ang’i (2018) states that;

If E, is an elementary operator of length two on B(H ) and Sy, S2 € B(H), thenif \; € W, S;
forevery \; € C¢ = 1,2 then,

| Bl > supx,ewo s {Il 2oimy ATl Th € B(H)i = 1,2}
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For the proof King’ang’i (2018) let {xn be a sequence of vectors of length one in a

}(n>1)
complex Hilbert space H and Defined rank one operator,(y ® x,)(z) € B(H) for a unit

vectory € H as (y @ x,)r = (z,yn)y Vo € H.
Also Defined the W, (S;) Vi = 1,2 of defined as

Wo(S1) = {M € C: (S1an, @n) = A, |2l = 1, [|S1zal| = [[S1]]}
and
Wo(S2) = {A2 € C 1 (Samn, 2n) = Ao, [[zall = 1, [|S2mnl] = ||}
NowV X\, € H,if \; € W,(S;) V S; € B(Z), Vi = 1,2 then a sequence {3‘3"}(n>1) of
vectors of length one exists in H such that;
(a) lim, o (S12p, 7)) = N\
(b) 1imy, o] |S1an]| = [[S1]]
(c) limy, o0 (Soxp, T,) = Ao

(d) Timy, o0 [[ S| = |[.S2]|

By finite rank one operator, the elementary operator of length two norm of is given as

2

1(y @ 0) @ @nl] = |25 Mzi,5:(y @ )|
2 2 2

= 122 Mz, (y@wn))an|| < 2imy My, (y@wn)[[||2a]| < 12252 Mr,.s,
2 2

< 1275 Mz s llllylllzallllzal| < 122520 Mz,,s,

since the y is a unit vector and z,, is a unit sequence such that ||y|| = 1, ||x,|| = 1 Therefore;

[llllznlll[zn]l

2 2
1D Mrsill 211D Mr,s,(y © 2a) |
i=1 i=1

2
> ||Z MTi,Si<y & In)an
=1

2 [[(T)(y @ wn)wn(S1) + (T2)(y ® )20 (S2)]|

> ||<Slxna IL‘n>T1y + <SQmTL7 xn>T2mH
thus
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’ |Z?:1 MTi»Sini

> H(Slxna xn>T1y + <S2'Tn7 'Tn>T2mH

by taking the limits both sides as n — oo for the inequality and V \; € H. If \; €
Wo(S;) ¥V S; € B(H),V i = 1,2 then 3 a sequence {xn}(
in h such that

n>1) of vectors of length one

(@) lim, 00 (S1T0, Tn) = N

(b) Timy, o0 |[S120[| = |[51]]

(c) limy, oo (Soxp, T,) = Ao

(d) Timy, o0 [[San|| = |[.52]|
then;

> [[MTy + MDY = |15, LTyl

2
HZi:l MTwaz'

since the y is a unit vector such that ||y|| = 1.This is true for any A € W,(S) and for any unit
vector y € H.Since A and the unit vector are chosen arbitrarily, then we get the, supremum

for the lower bound;

2 2 2
1> 1 Mz, s, < SUP X, ew,(S;) SupHyH”Zi:l NTiy|| = Sup)\ieWo(Si)HZi:l AT
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CHAPTER FOUR
RESULTS AND DISCUSSIONS

4.1 Introduction

From section 2.4, according to Muiruri ef al. (2018), if H ® K is a tensor product of complex
Hilbert spaces H and K and B(H ® K) is the set of bounded linear operators on H @ K,
A® B,C ® D being fixed elements of B(H ® K), where A, C' € B(H), the set of bounded
linear operators on H and B, D € B(K), the set of bounded linear operators on [, then:-

The Basic elementary operator, Magp ceop : B(H® K) — B(H ® K), is defined as:-
Magcep(X ®Y)=ARBX®Y)C®@D,VX®Y € B(H® K).

An elementary operator, T,, : B(H ® K) — B(H ® K), is defined as;
T,(XY)=>" A®B((X®Y)C;®eD;,VX®Y € B(H® K),

A; ® B;,C; ® D; being fixed elements of B(H ® K), where A;,C; € B(H), is the set of
bounded linear operators on H and B;, D; € B(K), the set of bounded linear operators on

K.

When n = 2 then we obtain an elementary operator of length two which is defined as
TH(X®Y)=A @B(XQY)C,® Dy + Ay @ By(X @ Y)Ch @ Dy
=Y A®B(X®Y)C;® D, VX®Y € B(H® K)

and A; ® B;, C; ® D; being fixed elements of B(H ® K), where A;, C; € B(H), the set of
bounded linear operators on H and B;, D; € B(K), the set of bounded linear operators on

K.

The Jordan elementary operator, Uagp.ceop : B(H ® K) — B(H ® K), is defined as

Uasbcap(X ®@Y)=A@BXQY)C®@D+CDX®Y)A® B
VX ®Y € B(H ® K),

A® B,C ® D being fixed elements of B(H ® K), where A, C' € B(H), the set of bounded

linear operators on H and B, D € B(K), the set of bounded linear operators on K.

Thus this can be extended to the definitions of other types of elementary operator to obtain;
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* The left multiplication operator, Lagp : B(H ® K) — B(H ® K), is defined by
Lagp(X®Y)=A®B(X®Y)VX®Y € B(H® K),

A® B, being fixed element of B(H ® K'). Where A € B(H ), the set of bounded linear

operators on H and B € B(K), the set of bounded linear operators in K.

* The right multiplication operator, Rogp : B(H ® K) — B(H ® K), is defined by
Reap(X®Y)= (X @Y)C®D;VX®Y € BH® K),

C' ® D, being fixed element of B(H ® K). Where C, € B(H), the set of bounded

linear operators on H and D € B(K), the set of bounded linear operators in K.

» The general derivation operator is defined by;
dagpcep = (A®B)(X®Y) - (X ®Y)(C® D) = Lagp — Reap,

where L 4o, Rosp are left and right multiplication operators as defined above.

* the inner derivation operator is defined by;

SasB.asn = (AR B)(X®Y) - (X®Y)(A® B) = Lagp — Rags-

4.2 Norm of finite length Elementary Operator in Tensor Product of C*-

algebras
In this section, this study investigated the bounds of the norm of an elementary operator of

finite length in a tensor product of C*-algebras by stating and proving theorem 4.2.1

Theorem 4.2.1:

Let H ® K be tensor product of complex Hilbert spaces H and K and B(H ® K) be the set
of bounded linear operators on H ® K . ThenVX ® Y € B(H ® K) with | X @ Y| = 1,
1Tl = >0 AN BilllCillll Dl » where T, is the Elementary operator of finite length in a
tensor product of C*-algebras and A;, C; and B;, D; are in B(H ) and B(K) respectively.
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Proof. By definition;
ITAB(H @ K)|| = sup{|T.(X @Y)[| : X @Y € B(H® K), [X @ Y| = 1}.

Forany T, : BlH® K) > BlH® K)and X ®Y : H® K - H® K,
IT.(X Y| <|TL|X®Y||VX®Y € B(H® K).
Or;
ITIX @Y > [T,(X@Y)[|vX®Y € B(H® K).

Letting the € € (0, ||T,,||) and therefore ||7},|| — & > 0.

Since |1, ]| = sup{||T., (X ®@Y)||: X®Y e B H®R K),|[X®Y| =1},
then 3 X' ®Y' € B(H ® K) with || X' ® Y'|| # 0 for which,

(ITall = ) IX" @ Y| < ITo(X" @ Y)].

That is;

ITall = & < ey I Tn(X @ Y.

This implies that;

’ /
Tl - & < 1T el

: xX'oy o )
Since Xey7] 18 @ unit in B(H ® K) then;
IT.\B(H® K)|| —e < [|[To,(X ®Y)| where X ® Y € B(H® K) with [ X Y| = 1.

Since ¢ was arbitrarily chosen then;

|IT.\B(H® K)|| < ||T(X ® V)| where X @ Y € B(H ® K) with | X @ V|| = 1.
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Since | T,(X @Y)|| = D1; A ® Bi(X ® Y)C; ® D;|| then;

IT\B(HRK)| < ||, A®B(X®Y)C;0D;|| = A @ BI(X @Y)C, @ Dy + Ay ®
By X®Y)Co® Do+ ccc. + Ay @ Bo(X @ Y)C, @ D, | X @Y = L.

From properties of tensor of operators we have (A ® B)(X ® V) = AX ® BY then;
|1 T.\B(H ® K)|| < ||A1XC1 ® BiY Dy + A2 XCo ® BoY Dy + ... +

A, XC, ® B,Y D, < |A1XCy ® BiY Dy|| + | Ay X Cy @ ByY Do + ... +
|AXC, @ B,YD,||,|| X ® Y| = 1. (By triangular property)

Thus;

IT,\B(H @ K)|| < |[|41XCy @ BiY Dy + ||A:XCy @ BoY Dyl + ... +
|14, XC, ® B,YD,|,[|[X®Y| = 1.

Then by property of tensor product ||A ® B|| = ||A|||| B]| then

ITA\BHRK)| < A XCil[|BiY Di||+[|Ae X Col[[| BY Da|+-......+ | An X Co[[| BnY D],
IXeY| =1

Since [[A4; X Ci|| < [[Al[| X[ Cill = [|As][[|Cill, since [| X || = 1 and

1B;Y Di|| < | BllIY |1 Dill = [ Bil| | D:||, since [[Y]| = 1.

Therefore;

[T ABH @ K)|| < [[A[[[[ XN B Y D[+ [ Al X Colll| B2 [I[Y [ Dol 4. +
[AR [ XTNCA I BallIY ([ Dnll, [ X @ Y| = 1 becomes;

ITABHRK)| < [[A[[[|CL B 1Dy |+ A2 | Coll | Bal[[| Dal[ 4 [ An [ Con | B ] D[

Thus;
Il < AN BIC I Dsl- (4.1)
=1

Conversely, for 7, : B(H ® K) - B(H® K)and X ® Y : H® K — H ® K, let there
exist unit vector (e ® f) of H ® K wheree € H and f € K

Then;
[T (XQY)(exf)|| < | To(XQY)[[[exf| < [[Tullll XY [[[le@ fI| = |TulIXNIY [l f1 =

171 since [ X = [V = [lefl = [l/] = 1.
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This implies that:

1T > [To(X ®@Y)(e® )l = [{(Ai®@ B)(X®@Y)(Cr® D)+ (A1 @ B)(X®Y)(C1 @
D)+ .. + (A, @ B) (X @Y)(C, @ D)} e £l

= [{(A1®@ B)(X@Y)(Cr @ D1)}e® f) + {(A2 @ B)(X @ Y)(Cy ® Da)} (e ® f) +
......... + (A, @ B,)(X®Y)(C,® D,)(e® f)]

=|{(A1@B1)(X®Y)(Cie®@ D1 f)} + {(A1 @ B1)(X ®Y)(Cae @ Daof) + ........
+ (A, @ B)( X ®Y)(Cre® D)}

= |{(A; ® B)(XCie @Y D1 f)} + {(Ay ® Bo)(XCoe @ Y Dof )} + o
+{(A, @ B,)(XChe ® YD, )}

= [(A1XCie ®@ B1Y Dy f) + (A2 X Coe @ ByY Dof ) + ....... + (A, XChe® B, YD, f)|
Thus:

1ol > (A1 XCre@ B1Y Dy f )+ (A2 X Cae @ BoY Do f) + ... + (A, XChe® B, YD, f)
Squaring both sides we obtain;

I T 1> > /(A1 X Cre®@B1Y Dy f)+ (A X Coe@ByY Do f )+ ... +(A, XCre®B, YD, f)|]?

= <(A1X016 X B1YD1f) + (AgXCge X BQYDQf) + + (AnXCne X BnYan)7
(AlXcle (%9 31YD1f) + (AQXCQG & BzYDgf) + o + (AnXCnB (%9 BnYan)>

= (A1 XCie ® BiY D1 f), (A1 XCie @ BiY D1 f) 4+ (A2 XCoe @ BoY Dof) + ...

4 (A XCre @ BpY Dof)) + (AsXCoe @ BoY Dof), (A, XChe @ BiY Dy f) +

(A2 X Coe @ BoY Dof) + cooooee + (A X Crae @ BuY Dof)) + eovvs + {(An X Croe @ B,Y Do f),
(A, XChe ® BiY Dy f) + (AsXCoe ® BoY Dof) + oo + (A X Cre @ B, Y Dy )

= (A1 XChe ® BiY D f), (A, XCre ® BiY Dy f)) + (A, XChe ® BY Dy f),
(A3 X Coe ® BoY Do f)) + (A1 XCre ® B1Y Dy f), (A XCrhe ® B,Y D, f)) +
(AsX Che ® BoY Dof), (A XCre @ BiY Dy f)) + ((AsX Che ® BoY Daf),
(AsXCoe ® ByY Dof)) + wovv. + ((As X Coe ® BoY Daf), (AnXCre © ByY D f)) +
(AuXCre ® ByY Dy f), (A XChe ® BiY Dy f)) + (AnXCre ® ByY Dy f),
(AsXCe @ ByY Dof)) + woovves 4+ (A X Cre @ BoY Dof), (A X Cre @ BoY Do f))

Since (X1 ® Y1, Xo @ Y2) = (X1, Xo)(Y1,Y5s)

= <A1X016, A1X016> <31Y7D1f7 31YD1f> + <A1X01€, AQXCQG) <B1YD1f, BQYD2f> +
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..... +(A X Cre, Ay X Coe)(BY Dy f, B,Y D, f)+(As X Coe, A, X Cie)(ByY Do f, BYY Dy f )+
(A3 X Coe, As X Coe)(ByY Daof, ByY Dy f) ... +{A3 X Coe, Ay X Cre)(BoY Dof, B,Y D, f)+
A X Cre, Ay X Cre)(B,Y Dy f, BY Dy f)+{A, X Cre, Ay X Cae)(B,Y Dy f, ByY Dy f)+
...... + (A X Cre, Ay X Cre)(ByY Dy f, ByY Do f)

= |Ai X Cre|?||BLY Dy f]]2 + (A1 X Cre, Ay X Coe)(B1Y Dy f, BsY Dof) + .. +

(A1 X Che, Ay X Cre)(B1Y Dy f, B,Y Dy f) + (A3 X Coe, Ay X Che)(B,Y Dof, ByY Dy f) +

| Ao X Coe|||| BoY Dof |2+ ...... + (As X Coe, Ay X Cre)(ByY Dof, B,Y Do f) + ... +
(A, X Cre, AL XC1e)(B,Y Dy f, BiY Dy f) + (An X Cpe, Ay X Coe)(B,Y Dy, f, ByY Do f) +
...... +| A X Cre||?|| BLY Do f][? (4.2)

Now, let u;, v; : H — R* be functionals, for: = 1,2, ..., n.

Choosing unit vectors y, z € H and define the finite rank operators
Ai=uw;®@y,y € H, |yl =1by Aje = (u; ® y)e = w;i(e)yi =1,2,...,n and
Ci=v;®z,z€ H|z|| =1byCie = (v; ® 2)e =v;(e)zi=1,2,...,n

We observe that the norm of A; is

[Aill = sup{ll(u; @ y)ell : e € H, [ly[| = 1}
= sup{|[ui(e)yl| : e € H, [ly|| = 1}
— supf{| uile) | Iyll ¢ € H,|lyll = 1}
= sup{| ui(e) [ e € H} =| ui(e) |
That is || A;|| =| wi(e) | forany e € H.
Likewise using the concept above,the norm of C; is ||C;|| =| v;(e) | for any e € H with
1=1,2,...,n.

Therefore, From (i) we have ||A; X Ciel]? = ||(u; @ y) X (v; @ 2))e]|?

— o © ) X (o1 © 2l = | (1 9)X (01 (0)2)]

= [I(ur @ y) X (vi(e)2) 1> =| vile) [* || (ur @ y) X (2)[1”

=[ven) I [lur(X(2))yll* =l vile) Plua(X(2)) [ [lyll* = AP Chll*.

Then this shows that :
A1 X Crel® = | AP Ch1? (4.3)

Thus using the same concept also:
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IB1Y Dif|* = [|B1 ]| D |2 (4.4)

[ 42X Cael* = || A2]|*[| Ca|* (4.5)
1B2Y Do f[* = | Ba||*| Do |* (4.6)
|4 X Crell* = [ Anll*[|Cal? (4.7)
1BnY Do f|I* = || Bnll*[| D] (4.8)

Also (A1 XChe, Ay XCse) = ((u1 @ y) X (11 @ 2))e, (u2 ® y) X (v2 @ 2))e)
= (11 @y) X (vi(e)2), (us @ y) X (v(e)z))
= (0i(e) (1 ® y) X (2), va(e) (u2 © y) X (2))
= (vi(e)ur(X(2))y, va(e)ua(X (2))y)
= vi(e)ur (X (2))va(e)ua(X(2)){y, y)
= vi(e)ur (X (2))va(e)ua(X(2))
Since vy (e),u1 (X (2)),v2(e) and uy( X (z))are positive real numbers, we have:

vi(e) =l vile) [= [|Chl], (X (2)) =] ua(X(2)) |= |Aul], v2(e) =[ vale) [= [|Co
and up (X (2)) =| ua(X(2)) [= [|Az]]

Thus we have (A; X Cle, A, X Coe) = vi(e)ur (X (2))va(e)ua (X (2)) = ||Cy|[|| Al Ca ||| Az
Since the norms of A; and C; fori = 1,2, ..., n are scalars then:
(A1 X Cre, A X Coe) = || Al Ax]l[|CH ]| o (4.9)
Hence using the same concept as above then:
(BiY Dy, ByY Dof) = | By || Bol| | Dyl s (4.10)
It then follows that;
(As X Coe, A1 XCre) = ((ua @ y) X (v2 ® 2))e, (u; @ y) X (v1 ® z))e)

= ((u2 ® y) X (v2(e)2), (11 @ y) X (vi(e)2))

= (va(e)(u2 ® y) X (2), vi(e)(ur © y) X (2))

= (v2(e)ua(X(2))y, vi(e)ur (X (2))y)

= va(e)ug(X(2))v1(e)ur (X (2)){y, )
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= va(e)uz(X (2))vi(e)ur (X (2)) = |Col[[| A2l [ Co ]I Axll
Since the norms of A; and C; fori = 1, 2, ..., n are scalars then:
(A2 X Coe, A1 X Cre) = [| Al Az[[[C1 I C2l (4.11)

Thus using the same concept then:

(B2Y Do f, BiY Dy f) = || Ba[[| Bll[[ D [[[| De|l (4.12)
(BiY D1 f, BpY Dy f) = || Bal[|| Bull[| D[] D (4.13)
(B2Y Do f, BpY Dy f) = || Ba ||| Bull[| Dall[| D (4.14)
(BoY D f, BiY Do f) = || Bu[| Bull[| Do [H D (4.15)
(BnY Dnf, BsY Dy f) = || Ba|[|| Bul[[| Dall| Da (4.16)
(A XCre, A, XCe) = [|A[[[ An I CLICl (4.17)
(A:XChe, A X Cre) = || Az | Anl[[| Coll[ICnl (4.18)
(An X Cre, A1 X Cre) = [[A[[[[ An[[[| LI Cn (4.19)
(An X Cre, A X Coe) = [|Aa]|[[Anl[[[ C2 /I Cnll (4.20)

Thus substituting equations (4.3) to (4.20) in (4.2) then:

T 112 = TAUPIBUPICUPI D + AN BT CLH D A2 Bal I C2 | Dol

oA A BU D T AR B [ Cal [l Dall+I Al BT CLllT DAz B2 [HIC ] D]
+ [ A2l Bl PICol P Dal* + .. + | A2 [l B2 C2 | D2l | Anll | Bul I Canllll D || + -

AL B[ CLI D[ An [ Br N Con [[[| D |+ | A2 [ B2 [ | C2 || Dl [[| An [ Br [ Con [ 1| Do |+
e+ AP I Bal*1Coll* | D

This implies that:

IZl* = {1 AN BICN D + 201 As [ BaHl Colll D1 [ A=l Ba I Call D2 + ..
+ 2/ Ax [ | Ba[|CL NI Do An N BallICu Dol + 11+ {1 A2 B C [ D21} + -
+ 2/ A2 || B2 | C2 | D2 | An I Bal 1 Cu Dol + .. [ An | Bal P Col 1D I

Thus:

IZ112 = LN AU BN G DAL+ [ A2l B2 Coll | Dol + -+ (Al BRll I Cull I Dn 1}
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Thus obtaining square root in both sides we get;
ITall = A B CLDL |+ Al B2l ol Dl + ... 4 ([ An [ B[ [[| Co [ D
Finally its clear that:
ITall = 325 AN BNl Dill) (4.21)
From (4.1) and (4.21) then ;
ITA\B(H @ K)|| = >22 [ Bl C:ll | Dl (4.22)

]

4.3 Norm of Jordan Elementary Operator in Tensor Product of C*-algebras
In this section, the study investigated the bounds of the norm of Jordan elementary operator
in a tensor product of C*-algebras. Finally, as consequence, the study shown that the norm
of Jordan elementary operator in B(H ® K') can be expressed in terms of norms of Jordan

elementary operators on B(H ) and B(K).

Theorem 4.3.1:

Let H ® K be tensor product of Hilbert spaces H and K and B(H ® K) be the set of
bounded linear operators on H ® K . ThenVX ® Y € B(H ® K) with [X @ Y| =1
then ||Uass.conll = 2||Alll|B|||C|||| D], where Uagp cop is the Jordan elementary opera-
tor in a tensor product of C*-algebras as defined earlier and A, C' and B, D are in B(H) and
B(K) respectively.

Proof. By definition;
|UneB,cop\B(HRK)| = Sup{||Usgp,cep(X®Y)[ : XQY € B(H®K), | X®Y| =1}

Forany Uagpcep : B(H® K) > BlH® K)and X ® Y : H® K — H ® K then,
UaeB,cap(X @Y)|| < [Usspconll|X @Y.

Or;
[Uaes,cepll|X @Y = [Uaspcon(X @Y.

By choosing € € (0, ||Uagp.copll)- Then ||Uagp copl|l —e > 0.
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Since ||Uass.cop\B(H ® K)|| = Sup{||Usss.con(X @ Y)||: X @Y € B(H ® K),
IX @Y =1}

Then3 X' ®Y' € B(H ® K) with | X' ® Y'|| # 0 for which;
(IUasp.copll =X @Y'|| < [Vaspcan(X @Y.
That is;

||UA®B,C®DH - HX ®Y I ||UA®B C®D(X ® Y )H

This implies that;

! /
|UagB,copll —€ < HUA®B,C®D%H-

Since ‘é ®§ ” || is a unit in B(H ® K) then;

|Uags.cop\B(H ® K)|| —¢ < ||Uagp.cop(X ®@Y)|| where X ® Y € B(H ® K) with
X Y| =1

Since ¢ was arbitrarily chosen then;

||UA®B,C®D\B(H®K)H S HUA®B,C®D(X®Y)” WhGI‘CX@Y € B(H(X)K) Wlth
IX®Y| =1.

Because ||Uagp,cop(X®Y)|| = [A®B(X®Y)CRD+CRD(XQY)A®B| : X®Y €
B(H® K), || X ® Y| =1 then;

|UaeB.cop\B(HRK)| <||[A®9B(X®Y)C®D+C®DX®Y)A®QB|: X®Y €
BH@K),|X&Y| =1< |48 BX&Y)C@D|+|CeD(XeY)AQB|: XY
B(H ® K), || X ® Y|| = 1 (By triangular property).

Then;

|Uasp.cop\B(HRK)| < ||[AQB(X®Y)C@D|+||CD(XQRY)A®B|: X®QY €
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B(H®K),|X®Y| =1

Now using the properties of tensor products (A ® B)(C' ® D) = (AC ® BD) then;
|Uasp.cop\B(H® K)|| < ||AXC @ BYD||+||[CXA® DYB|; || X Y] =1.
By properties of tensor product of operators || A @ B|| = || Al||| B|| we have;

|Uaep,cop\B(H @ K)|| < [|AXC|||BY D[ + |[CXA||DY B
X @Y = 1.

Clearly;

1Uaes,cep\B(H @ K)|| < [A[XICHIBIIYTIDI+ ICHIXLATDY B
X @Y =1

Clearly;

X Y| =[X|IY]=1.

Then;

1Uass.0op\B(H @ K)|| < [A[ICIBIILI+ ICANIDIIBI-
Finally then;

[Uass.canll < 2[|A[Bl[[|CIID]]

Conversely, for Usgpcep : B(H®K) = B H® K)and X ®Y : H® K - H® K, let

there exist unit vector 4 ® v of H ® K where p € Handv € K
Then,;

1UaeB.00p(X @Y )(n@v)|| < |Uses.cop(X@Y)|l[lp@v] < |[Ussscopll|X @Yl
V|| = [lUass.conlll XTIVl

[ X =Y = [[ull = |lv]| = 1.
Thus

|Uass,copll = [[Usecap(X @Y)(p@v)|]| = (A B(X®Y)C®D+C® DX ®
Y)A® B)(ne v

By the properties of tensor product On operators A ® B)(C' ® D) = (AC ® BD )then;

— |[AXC® BY D(u®@v) + CXA® DY B(u @ v)]|
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= |AXCp® BY Dv + CXAp® DY B|

Therefore
|Unep.copl = |AXCu®BY Dv+CX Au@DY Bu|| (4.23)
Squaring both sides of (4.23) we get

(Uasn.conl}? > {|AXCpu® BY Dv + CX A @ DY Bu||}?
— (AXCu® BY Dv+ CXAu® DY By, AXCpu® BY Dv + CX Au ® DY Cv)

— (AXCpu® BY Dv, AXCpu® BY Dv + CXAp® DY Bv) + (CX Ap ®
DY By, AXCpu ® BY Dv + CX Ap @ DY Bv)

— (AXCp® BY Dy, AXCp ® BY Dv) + (AXCpu ® BY Dv,CX Au @ DY Bv) +
(CXAp® DY Bv, AXCu® BY Dv) + (CXApu ® DY Bv,CX Ay @ DY Br)

= |AXCp @ BY Dv|* + (AXCp @ BY Dv, CX Ap @ DY Bv) + (CX Ap &
DY Bv, AXCpu® BY Dv) + ||CX Ap @ DY B||?

= ||AXCu|*||BY Dv||* + (AXCpu® BY Dv,CX A @ DY Bv) + (CX Ap ®
DY By, AXCpu® BY Dv) + ||CX Aul|?|| DY Bv||?

= |AX Cu||2|BY Dv|*+{AX Cp, CX Ap)(BY Dv, DY Bv)+{(CX Ap, AXCp)(DY By, BY Dv)+
|ICX Apl|?|| DY Bv|? (4.24)

We now lete, f : H — R™ be functionals

From above, Choosing unit vectors y, z € H and define the finite rank operators
A=e®yy€ H |y =1by Au = (e ®y)un = e(u)y and
C=f®zzeH|z=1byCu=(f®z)n=f(n)z

We observe that the norm of A is

IA[| = sup{[l(e @ y)pll - € H, [lyl =1}
= sup{lle(wyll - p € H,[ly| =1}
= sup{| e(u) | lyll : p € H,[lyl =1}
= sup{| e(p) |: p € H,[I} =] e() |

That is ||A|| =| e(p) | forany p € H.
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Likewise using the same concept,the norm of A is ||C|| =| f(u) | forany p € H

Therefore, we have [AXCpul]? = ||(e @ y) X (f @ 2))ul?

= (e @y) X(f @ 2))ull* = (e ® y) X(f(1)2)]*
= [(e@y) X (f()2)|I* =I f(u) [ [I(e @ y) X (2)]*
=| f(w) P le(X )yl =| f(u) | e(X(2)) [* llylI* = [APIC]*.

Then this shows that :
[AXCull* = [|AlIC]1? (4.25)

Using the same concept we have;

IBY Dv||* = || BII*|| D||* (4.26)
1DY Bv|* = || BI*||1DII* (4.27)
ICX Apll? = [[A[I*lC® (4.28)

Also (AXCp, CXAp) = ((e@y)X(f @ 2))p, (e @y) X (f ® 2))p)
= ((e®@y)X(f(p)z), (e @ y)X(f(1)2))
= (f(w)(e®@y)X(2), f(n)(e®y)X(2))
= (f(w)e(X(2))y, f(p)e(X(2))y)
= f(w)e(X(2)) f(w)e(X(2)){y,v)
= f(w)e(X(2)) f(m)e(X(2))
Since f(u) and e(X (z))are positive real numbers, we have:
F(p) =1 f () [= 1Al e(X(2) =[ e(X(2)) = [Cl
Thus we have (AXCp, CX Ae) = f(n)e(X(2))f(n)e(X(2)) = [CI[IA[ICIAl
Since the norms of A and C are scalars then:
(AXCp, CXAp) = || AIP|1C|17 (4.29)
Then following the same concept we have;
(CXAp, AXCp) = || AIPIC|1? (4.30)

(BY Dv, DXBv) = || B||?|| D||? 4.31)
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(DY Bv, BX Dv) = ||B||?|| D||? (4.32)
Then applying equations (4.25) to (4.32) to equation (4.24) we have
= [lAIPIBIFICIFIDIP+IAIPIBIPICIPI DIP+ LA BIEIC DI+ AP I BIFICI* 1 DI
Thus

UUasn.conllt Z IAIPIBIPICIPIDN + [ AIPIBIFICI* I DI + I AIPIBIPICIEIDI* +
LAIFIBIFICI* 1 DI

Then

IUagp.cenll}? = 41 AIPIBIPICI12ID]1? (4.33)
Obtaining square root on both sides of (4.33) we obtain;

[Uaes,cepll = 2| Al BIIC D (4.34)
Hence we have;

1Uaes.cenll = 2[AllIBIICII DI
O

Corollary 4.3.2:Let H ® K be tensor product of complex Hilbert spaces H and K and B(H ®
K) be the set of bounded linear operators on H @ K . Then VX ® Y € B(H ® K) with
| X ® Y| = 1then

|Uas,copll = 2[|Uac|l|Us.pl

Proof. Blanco et al. (2004) determined the norm of Jordan elementary operator on a C*-
algebra using the notion of matrix-valued numerical ranges and kind of geometrical mean of

positive matrices and tracial geometrical mean and obtained that;
|AXC + CXA| =||A]l||C]|,V A, C € B(H)
Thus we can also conclude that;
|BXD + DXB| =|BJl||D|,VB,D € B(K)

So now using theorem 4.2.3

IUaep.cenll = 2[ANIBIICID]
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By rearranging the above we get;
[Uaep.cenl = 2|A[ICIIBID]
Now using the work of Blanco et al.(2004) on the above we obtain;

1Uaes.0op\B(H @ K)|| = 2|Uac\B(H)|||Us,0\B(K)]|

4.4 Norm of an Arbitrary Elementary Operator in Tensor Product of
C*-algebras Expressible in terms of the Sum of Product of Norms

of Corresponding Coefficient Operators.

Finally, in this section, the definition of maximal numerical range for a tensor product of
operators and the conditions necessary for the norm of finite length Elementary Operator in
tensor product of C*-algebras to be equal to the sum of product of norms of corresponding
coefficient operators in its definition were determined.

Definition 4.4.1: Maximal Numerical Range of Tensor Product of Operators

Let A; ® B; € B(H® K). If ||A; ® B;|| € Wo(A; ® B;) then limg_,o ((A; ® B;)(x ®
Vi, (2:01:)) = | Aill|| Bi]| = || Ai® Bl and limy 00 ||(A; @ Bi) (2 @ i) || = (A @ By)|| =
A1 Bil| Vi =1,2,3,....n.

This is true since for if we let {z; ® vy }x>1 be a sequence of unit vectors on H ® K and
(xp @ yp) @ (1, @ yr) € B(H ® K) be rank one operator on H ® K for a unit vector
T @y € H® K defined by (2, @ y) @ (2 @ yp)(zt ® y) = (x Q Y, Tk @ Yp) Tk @ Y, V
r®y € H ® K then;

|A; ® Bi|| € w,(A; ® B;) then there is a sequence {z} ® yi }x>1 of unit vectors on H @ K
such that

limy 00 ((Ai @ B;)(r @ yi), (Tr @ yi)) = limy_yo0 ((Aizr @ Biyk), (2 @ yi)) =
limg o0 (Aixg, Tr) ((Biyk, Ye) = Umg_yoo (A, x) limg oo (Biyk, yk) = || Ailll| Bil| =
|A; @ Bl

Also;
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limy o0 [|(Ai @ Bi) (2 @ yi) || = limgso0 [[(Aszr @ Biye) | = Timpoo [|(Aszi|[[| Biye) | =
1imy oo || (Asa]| limysoo || Biyw)l| = | Aill[|Bi]| = |14 ® Bil| Vi =1,2,3,...n

Theorem 4.4.2:

Let T,, be finite length elementary operator on B(H®K ) then ||T,,|| = >, || A:|||| Bil|||Ci||| | Ds]|
if ||Az X BZH c Wo(Ai &® Bz) and HC@ X D,LH S WO(CZ' X Dz) with A7,7CZ c B(H) and
B, Di€ BIK)Yi=1,2,...n,

Proof. By definition 4.4.1, let {z; ® yx}r>1 be a sequence of unit vectors on H ® K and
(xp @ yp) @ (z, @ yr) € B(H ® K) be rank one operator on H ® K for a unit vector
1, Qyr € H® K defined by (21, @ y) @ (2, Q yi) (2 R y) = (x @ y, 21 @ yp)Tr @ yp,for
alz®ye H® K.

If ||A; ® Bi|]| € wo(A; ® B;) and ||C; @ D;|| € w,o(C; ® D;) for 1,2, 3, ....n then there is a

sequence {x; ® yx }x>1 of unit vectors on H ® K such that
limy o0 ((As @ By) (21 ® Yi, (11 @ 1)) = || A @ Byl

Also

limy o0 [[(As @ Bi) (2 @ yi)l| = [I(Ai @ B)|| = [|Ail[[| Bill Vi = 1,2, ..m
Using the same concept, there is a sequence {zx ® yi }x>1 of unit vectors on H ® K such that;

limy 0 ((Ci @ Di)(21, @ i), 21 @ yi) = C; @ D;
Such that
limy, o0 [[(C; ® D;)zr @ yil| = |C; @ Dy|| = ||Ci|||| Ds|| V 1, 2,3, ...

For each k > 1 ,we have,

(T3 ((2r @ yi) @ (2x @ y))I| = [ Ta08:,ci00: (22 @ yi) @ (2 @ yi) |

= [[Ta:o8:. cion: (1 @ yr) ® (21 @ yp) (& @ Y)|| < [ Tasen.cion:(2x @ yr) @ (x @ yi)|[[|(z @ y)|| =
1 Ta:08:.cien:((2x @ yp) | (zx @ yr) | (z @ y)I| =

1T a:08:. con: [ (@l Ty el Ty [ TN = [Taes: oo
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Since g, Y, x, y are unit vectors

Thus we have,

@B,,CoD; (Tr @ Ur) @ (1 @ i) (x @ y)||

Squaring both sides, we have

{ITx, > {1 Tae8,.ciop, ((Tr @ yr) @ (2 @ yi)(x @ )|}

By definition we have;

=[[(A1 @ Bi((zr @ yr) ® (21 @ yx))C1 @ Dy + Ay @ By((wr, @ yi) @ (w1 @ i) ) C2 @ Dy +
o+ Ay @ Bu((21, @ y) @ (w1 @ yr))Cr @ D) (z @ y)|1?

=[|(A1 @ B1((zx @) @ (£ @y))C1 @ D1)(x @Yy) + (A2 @ Ba((xh, @ yi) @ (21, @y, ) ) Ca ®
Do)z ®@y) + -+ (A @ Bu((2r @ yk) @ (2% @ yx))Cr @ D) (z @ )|

=[[((Cr ® D1)(z ®y), (2 @ yx)) (A1 @ B1) (1 @ yi) + ((C2 ® D2)(x @ y), (z @ yi)) (A2 @
Bo)(xp @yp) + -+ ((Cr, @ D) (2 @ y), (2 @ yi)) (An @ By) (2 @ y)||?

= ((C1®@ D) (z®@y), (xk®yk)>(A1®Bl)(xk®yk)+ (C2®@Ds)(z®y), (21 @ Ys)) (A2 ®

By)(z, @ yx) + -+ ((Co @ Do) (z @ y), (7 @ yr)) (An @ Bp) (2 @ y1), ((C1 ® Di)(z @

Y), (zr ® y)) (A1 ® Bl)(fl?k ® yr) + ((C2 ® Da)(z @ y), (zx @ yx)) (A2 ® Ba)(z @ y) +
-+ ((Cn @ D) (2 @ y), (21 @ yr)) (An @ By)(zk @ yr))

=[|(C1 ® Dy(z @ y), 7 @ yp) A1 @ Bi(x @ y)||*+(Co @ Doz @ y, 21, @ yi)|| Az @ Ba( @ )| >+
c+ {Ch ® Dpx @y, 2 @ yg) Ay @ Bpag @ kaz + 2Re((C), @ Dpx @ y, x5 Q yp)Ap @

Bk @Y, ..., (C3 @ D3z @y, 13 @ Yp) A3 @ Bax @y, (Co @ Doz @y, 73, @ Yp) Ag @ Bowy ®

Yk, (C1 @ D12 @ y, 2 @ Yi) An @ By @ yi)

=3 2 (G @ D) (x @y), (xr @ yk)) (Ai @ By)(zk @ i) ||

> 31 2 (G @ D) @ y), (ke @ yi)) P 1(Ai @ Bi) (e @ yi) |I”

Taking limits as £ — oo, we have;
> > IC @ DillPl|As @ Bill” = X202, G IDsl LAl Bsl|®

Thus
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ITall* = D20, (A Bi NGl Pl Dl
Hence
1Toll = 32 Al BN Gl D
And since
1Tl < 22 TAI B Call 1D |

holds by the triangular inequality we have

1Tl = 223 IANIBil[ [ Cill1.Ds )
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CHAPTER FIVE
CONCLUSION AND RECOMMENDATION

5.1 Conclusion

In section 4.1, the study extended the definition of elementary operator in tensor product of
C*-algebras studied by Muiruri ef al. (2018) to other types of elementary operators like left
multiplication operator, right multiplication operator, and general derivative operator. The

study obtained that;

(a) The left multiplication operator, Lagp : B(H ® K) — B(H ® K), is defined by;
Lisp(X@Y) =A@ BX@Y;VX®Y € B(H® K),

where A® B, being fixed element of B(H® K ) with A € B(H), the set of bounded

linear operators on H and B € B(K), the set of bounded linear operators in K.

(b) The right multiplication operator, Rogp : B(H ® K) — B(H ® K), is defined
by;

Resp(X®@Y)=C®D(X®Y);YX®Y € B(H® K),

where C' ® D, being fixed element of B(H ® K) with C, € B(H), the set of
bounded linear operators on H and D € B(K), the set of bounded linear operators

in K.
(c) The general derivation operator is defined by;

daepcep = (A@B)(X®Y) - (X @Y)(C® D)= Lagp — Reep,

where L g5, Rogp are left and right multiplication operators as defined above.

(d) The inner derivation operator is defined by;

(SA®B7A®B — (A® B)(X ® Y) - (X ®Y)(A® B) — LA@B - RA@B.

For the section 4.2, the study’s investigated the bounds of the norm of an elementary operator

of finite length in a tensor product of C*-algebras theorem 4.2.1. and obtained that;
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VX®Y e B(H®K) with | X @ Y| =1 then [|T,.[| = 35—, [ A:l[[ B Cill[| Dil,

where T,, is the Elementary operator of finite length in a tensor product of C*-algebras and

A;,C;and B;, D; are in B(H) and B(K) respectively.

In section 4.3, the study investigated the bounds of the norm of Jordan elementary operator

in a tensor product of C*-algebras theorem 4.3.1 and obtained that;
VX ®Y € B(H® K) with [ X @ V|| = 1 then [[Uags,.cenll = 2| Al Bl[[|CI[ D],

where T, is the Elementary operator of finite length in a tensor product of C*-algebras and
A;, C;and By, D; are in B(H) and B(K) respectively. Which was the study’s specific objec-
tive two.

Also as a consequence of theorem 4.3.1, the study showed that the norm of Jordan elementary
operator on B(H ® K) can be expressed in terms of norms of Jordan elementary operators

on B(H) and B(K) corollary 4.3.2 which is

1Uses.cop\B(H @ K)|| = 2[|Uac\B(H)||[|Us p\B(K)].

Finally, in section 4.4, the study defined the maximal numerical range in tensor product of
operators and obtained that for A; ® B; € B(H ® K) such that ||A; ® B;|| € Ws(4; ® B;),

then
limy o0 (A @ B;)(r @ Y, (2 @ 43)) = || A @ By
and

limg o0 || (Ai @ Bi)(zr @ yi) || = |(As @ By)|| = [|Al[|| Bl Vi =1,2,3,...n.

The conditions necessary for the norm of finite length Elementary Operator in tensor product
of C*-algebras is equal to the sum of product of norms of corresponding coefficient operators
in its definition were obtained and found that for a finite length elementary operator, 7;,, on
B(H @ K) then [|T[| = >0 [|AIBAl[|CH[[|1Ds]] if [|A; @ Bil| € Wo(A; ® B;) and
||C; @ Di|| € Wo(C; @ D;) with A;,C; € B(H) and B;, D; € B(K)Vi=1,2,...,n,
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5.2 Suggestion for Further Study

In light of the research findings, we recommend to extend the results obtained in this thesis

by;

(a)

(b)

(©)

In section 4.2, the study investigated the bounds of the norm of an elementary
operator of finite length in a tensor product of C*-algebras theorem 4.2.1 using the
concept of finite rank operator, inner product and properties of tensor product the
same can be investigated using numerical range or stamfli’s maximal numerical

range.

For section 4.3, the study investigated the bounds of the norm of Jordan elementary
operator in a tensor product of C*-algebras theorem 4.3.1 using the concept of
finite rank operator, inner product and properties of tensor product the same can

be investigated using numerical range or stamfli’s maximal numerical range.

The norms of other types of elementary operators in tensor of C*-algebras like
left multiplication operator, right multiplication operator, general derivative oper-
ator, and inner derivation operator can also be studied using different applicable

methods
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