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Abstract

In this paper, we investigate some transitivity action properties of the cartesian product of the alternating group
A,(n = 5) acting on a cartesian product of ordered sets of triples using the Orbit-Stabilizer Theorem by
showing that the length of the orbit (p, s, v) in 4, X A, X A, (n = 5) actingon PBl x SBl x VB! is

equivalent to the cardinality of PBI x S[31 x V31 to imply transitivity.

Keywords: Orbits; stabilizer; transitivity action; ordered sets of triples; cartesian product; fixed point.

1 Preliminaries

1.1 Notation and Terminology

In this paper, we shall represent the following notations as: }- sum over i; 4, -an alternating group of degree n
and order 1'21 ; |G| — the order of a group G; |G: H| -Index of H in G; P3] — the set of an ordered triple from set

P =1{1,2,3,...,n}; SB — the set of an ordered triple from set S = {n+ 1,n + 2,...,2n}; Vi3] — the set of an
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ordered triple from set V = {2n+ 1,2n + 2,...,3n}; [a, b, c] -Ordered triple; A, X A, X A, -Cartesian product
of alternating group 4,; PBI x SBI x VB3I -Cartesian product of ordered sets of triples P31, SB1 and VB3I,

Definition 1.1.1. Group action [1]: Let P be a non-empty set. A group G is said to act on the left of P if for
each g € G and each p € P there corresponds a unique element gp € G such that:

() (9192)p = 91(g2p), 91,92 € G and p € P.
(ii) Forany p € P, ep = p, where e is the identity in G.

The action of G from the right on P can be defined in the same manner.

Definition 1.1.2. Orbit [2]: The action of a group G on a set P partitions P into disjoint equivalence classes
referred to as orbits or transitivity classes of action. The orbit containing p € P is denoted by Orb (p).

Definition 1.1.3. Stabilizer of an element [3]: Let G act on a set P and p € P. The stabilizer of p in G,
denoted by Stabg (p) is given by Stabg (p) ={g € Glgp =p}.

Definition 1.1.4. Fixed point [1]: Let G actonaset P.The setof elementsof P fixed by g € G is called
the fixed-point set of G and is denoted by Fix(g). Thus Fix(g) = {p € Plgp = p}.

Definition 1.1.5. Transitive group [4]: If the action of a group G onset P has only one orbit, then we say that
G acts transitively on P. In other words, G acts transitively on P if for every pair of points p, s € P, there exists
g € G suchthat gp =s.

Definition 1.1.6. Conjugate group [2]: A group G with two subgroups H and K, then they are said to be
conjugate if H = gkg—1 for some g € G.
Theorem 1.1.7 [5]: Two permutations in A4, are conjugate if and only if, they have the same cycle type and if
g €S hascycletype (a ,a ,....,a ), then the number of permutations in S conjugateto g is, ——

n 1 2 n

n " 1ai!iai'
=

Theorem 1.1.8 (Orbit — Stabilizer Theorem, [3, p.72]): Let G act on a set P. Then |Orb; (p)| =
|G: Stabg ().

Theorem 1.1.9 [3]: Let G be a group acting on a finite set P. Then the number of G-orbits in P is,

L Fix ol

|G| geG

Definition 1.1.10 (Direct product action, [4]): Let (G1, P1) and (Gz, P2) be permutation groups. The direct
o _ pguif p € Py,

product G; X G, acts on the disjoint union P, U P, by the rule p(g,,9,) = {pgzifp P, and on the

Cartesian product P, x P, by therule (p1,1,)(91,92) = (0191, P292)-

Theorem 1.1.11 [6]: The G, x G, X G5-orbit containing (p,s,v) EP xS xV is given by Orbg 1(p) X

Orb[;2 (s) x Orb(;3(v) and the stabilizer of (p,s,v) isgiven by Stabg 1(p) X Stabg 2(s) X Stabg 3(17).
2 Introduction

Higman [7] introduced the rank of a group on finite permutation groups of rank 3. In 1970, Higman proved that
the rank of the symmetric group S, acting on 2-element subsets from the set P = {1,2,...,n} is 3 and the
subdegrees are:1,2(n — 1) and ("—22). Cameron [4] worked on the suborbits of multiply transitive permutations

and later in 1974 studied the suborbits of primitive groups.
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Ndarinyo etal. [8] showed that the alternating group A, = 5,6,7 acts transitively on unordered and ordered triples
fromtheset P = 1,2, ..., n whenn < 7 through determination of the number of orbits. Nyaga [9] proved that
the direct product action of the alternating group on the Cartesian product of three sets is transitive. The ranks
and subdegrees associated with this action forn > 4is8; and1, (n— 1), (n— 1), (n — 1)3 respectively.
Muriuki et al. [10] showed that for the action of direct product of three symmetric groups on Cartesian product
of three sets, the action is both transitive and imprimitive for all n > 2 and the associated rank is 23. Mutua et al.
[11] showed that the direct product of S,, X A, on X X Y has its action both transitive and imprimitive when n >
3. The associated rank for this action is 6 when n = 3, but is 4 for all n = 3. Based on these results we
investigate some properties of A, X A, X A, , the cartesian product action of the alternating group acting on
PBI x SBI x VB3I, the cartesian product of ordered sets of triples.

The cartesian product of alternating group A, X A, X A,, acts on PBI x SBI x VB3I, by the rule;

g1{([1,2,3],[1,24],...,[nnn—1L,n—=3],[n,n—1,n=2D}x g{([n+ L,n+2,n+3],[n+1,n+2,n+
4],...,[2n,2n — 1,2n — 3],[2n,2n — 1,2n — 2])} x g3{([2n+ 1,2n + 2,2n + 3],[2n + 1,2n + 2,2n +

4], ...,[3n,3n —1,3n —3],[3n,3n — 1,3n — 3]} = {g1([1,2,3],[1,2,4],...,[n,n—1,n—=3],[n,n—1,n —
2D, g2(In+1L,n+2,n+3],[n+1,n+2,n+4]...,[2n,2n—1,2n - 3],[2n,2n — 1,2n — 2]), g3([2n +
1,2n+22n+3],[2n+ 1,2n+ 2,2n+4],...,[3n,3n — 1,3n — 3],[3n,3n — 1,3n — 3])};

Y g1,9»93 € An, {([1,2,3],[1,2,4],...,[n,n—1,n—=3],[n,n—1,n—2])} €

PBI, set of ordered triples from theset P ={1,2,3,...,n}; {((n+ L, n+2,n+3],[n+1,n+2,n+
4],...,[2n,2n — 1,2n — 3], [2n, 2n — 1,2n — 2])} € SB], set of ordered triples from theset S={n+ 1,n +
2,....2n} and {([2n+12n+22n+3],[2n+ 1,2n+2,2n+ 4], ...,[3n,3n—1,3n—3],[3n,3n— 1,3n —
3]} € VB, set of ordered triples from the set V = {2n+ 1,2n+ 2,...,3n}.

3 Main Results

Lemma 2.1: The action of A X Ag X Ac on PBI x SB81 x VI31 s transitive.

Proof: Let G = A5 X Ag X A acton PBl x SBI x V31 where; gap> Arrangements([1,2,3,4,5],3); PBl = {[
1,2,31,[1,2,4]1,[12,2,5],[4,3,2],[1,3,4],[1,3,5],[1,4,2].[1,4,3].[1,4,5],[1,5,2], [ 1,5, 3],
,1,3][214][215][231][234][2 51,12,4,1]1,[2,4,3],[2, . [2,51

], [3,1,2],[3,1,4],[3,1,5],[3,2,1],[3,2,4], 51, N 1,[3,4,
51,[3,51], [3,54],[4,1,2],[4,1,3],[41,5],[4,2,1 2,3 2,51, V11,4
3,2],[4,3, ],[ 1,[452],[453] [51,2],[513][5 1, 5,2 5,2 02,40 [
5,3,1][532][ 4][5,4, 1,[5.4,2],[5/4,31};
gap> Arrangements([6,7,8,9,10],3); Si®1 ={[6,7,8],[6,7,9],[6,7,10],[6,8,7],[6,8,9],[6,8,10], [
6
8
1
]

e —y

4, 4,5
3,4 3,4,
[4, [4,
10 I [

2,5][
4,2,3],

Al

3, 4,
3, [3,
[ Il
1 ]

o1 W N

I
1
3,
,9,7]1,[6,9,8],[6,9,101,[6,120,71,[6,10,8],[6,10,9],[7,6,8],[7,6,9],[7,6,10],[7,8,6],[7,
1.[7,8101,[7,9,61,[7,9,81,[7,9,10],[7,10,61],[7,10,8],[7,10,9],[8,6,7],[8,6,9],[8, 6,
,[8,7,611[8,7,9],[8,7,10],[8,9,61,[8,9,7],[8,9,10],[ 8,10,6],[8,10,7]1,[8,10,9],[9,6, 7
,[9,6,8],[9,6,10],[9,7,61,[9,7,81,[9,7,10],[9,8,6],[9,8,7],[9,8,10],[9,10,61,[ 9,10, 71, [
8],[10,6,7],[10,6,8],[10,6,9],[20,7,6],[10,7,8],[20,7,9],[10,8,6],[10,8,7].,[ 10,8,9
1,[10,9,6],[10,9,7],[10,9,87]}; and
gap> Arrangements([11,12,13,14,15],3); VI3 = {[ 11, 12, 13],[ 11, 12,14],[ 11,12,15],[ 11, 13,12], [ 11, 13,
141,[11, 13,15],[ 11, 14,12],[ 11, 14,13],[ 11, 14,15],[ 11, 15,12],[ 11, 15,13],[ 11, 15,14],[ 12,11, 13
1.[12,11,141,[12,11,151],[12,13,111],[12,13,141],[12,13,15],[12,14,111],[ 12, 14,13],[ 12, 14, 15
1.[12,15,111],[12,15,13],[ 12, 15,14 ],[13,11,12],[13,11,141],[13,11,15],[ 13,12,111],[ 13,12, 14
1,[13,12,15],[13,14,1111,[ 13,14,12],[13,14,15],[ 13,15,11],[ 13, 15,12],[ 13, 15,14 ],[ 14, 11, 12
1,[14,11,13],[14,11,15],[ 14,12,111],[ 14,12,13],[14,12,15],[ 14, 13,11 ],[ 14, 13,12 ],[ 14, 13, 15
1.[ 14, 15,111],[ 14, 15,12 ],[ 14, 15,13],[ 15, 11, 12],[ 15, 11, 13],[ 15, 11, 14 ],[ 15, 12, 11 ],[ 15, 12, 13
1,[15,12,141,[15,13,111],[15,13,12],[ 15,13,14],[ 15, 14,111],[ 15, 14,12, [ 15, 14, 13]} .
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The cartesian product of PBI x SB1 X V31 is generated using the GAP software with, |PI3l x SBI x VBI| =
216 000. G is generated by

<{(12345),(123)},{(6 789 10),(678)},{(11 1213 14 15),(11 12 13)} >  using the GAP software.
([1,2,3], [6,7,8], [11,12,13]) is fixed by an element (g,, g5 g») € G ifand only if 1,2 and 3 comes from a
single cycle in g, ; 6,7 and 8 comes from a single cycle in g; and 11,12 and 13 comes from a single cycle

in gy, .

Therefore, Stab¢([1,2,3],[6,7,8],[11,12,13]) = {1,6,11} = {(ep €5, €v)}
|Stabs([1,2,3],[6,7,8],[11,12,13])| = 1.

By Orbit-Stabilizer Theorem,

|0rbg ([1,2,3],[6,7,8], [11,12,13])| = |G: Stabg ([1,2,3],[6,7,8], [11,12,13])|
B 1
Stabg ([1,2,3], [6,7,8], [11,12,13])]

_ 216000
1

= 216000 = |PBI x SBI x VB3]|

Therefore, Ac X Ag X A acts transitively on PB] x S[31 x V3]
Lemma 2.2: The action of 4, X A, X A, on P x SBI x VB3] is transitive.

Proof: Let G = Ay X Ag X Ag act on PBI x SBI x VB where;

gap> Arrangements([1,2,3,4,5,6],3); P31 =[1,2,3],[1,2,4],[1,2,5],[1,2,6]1,[1,3,2],[1,3,4],[ 1, 3,

51,11,3,61,[1,42],[1,43],[1,4,5],[1,4,6],[1,5,2],[1,53],[1,5,4],[1,5,6],
[1,6,2],[1,6,3],[1,6,4],[1,6,5],[2,1,3],[2,1,4],[2,1,5].[2,1,6],
[2,3,1],[2,3,4],[2,3,5],[2,3,6].[2.4,1],[2,4,3],[2,4,5],[2,4,6],
[2,51],[2,53],[2,5,4],[2,5,6],[2,6,1],[2,6,3],[2,6,4],[2,6,5],
[3,1,2],[31,4][3,1,5],[3,1,6].[3.2,1],[3,2,4],[3,2,5],[3, 2,61,
[3,4,1],[3,42],[3,45],[3,4,6],[3,51],[3,52],[3,54],[3,5,6],
[3,6,1],[3,6,2],[3,6,4],[3,6,5].[4,1,2],[4,1,3],[4,1,5],[4.1,6],
[4,2,1],[4,2,3],[4,2,5],[4,2,6],[4,3,1],[4,3,2],[4,3,5],[4.3,6],
[4,51],[4,52],[4,53],[456],[4,6,1],[4,6,2],[4,6,3],[4,6,5],
[5,1,2],[51,3],[51,4],[51,6].[52,1],[5,2,3],[5,2,4],[5,2,6],
[5,3,1],[53,2],[5,3,4]1,[53,6],[54,1],[5,4,2],[5,4,3],[5,4,61],
[5,6,1],[56,2],[5,6,3],[5,6,4],[6,1,2],[6,1,3],[6,1,4],[6,1,5],
[6,2,1],[6,2,3],[6,2,4],[6,2,5],[6,3,1],[6,3,2],[6,3,4],[6,3,51,
[6,4,1],[6,4,2],[6,4,3],[6,4,5],[6,51],[6,5,2],[6,5,3],[6,5, 41}

gap> Arrangements([7,8,9,10,11,12],3); sB1={[7,8,9],[7,8,10],[7,8,111,[7,8,12],[7,9,81,[7, 9,
101,[7,9,11],[7,9,12],[7,10,8],[7,20,9],[7,20,11],[7,10,22],[7,21,8],[7,11,91],[ 7,112,101,
[7,11,12],[7,12,8],[7,12,9],[7,12,10],[7,12,11],[8,7,9],[8,7,10],[8,7,11],[8,7,12],[8, 9,
71.18,9,10],[8,9,111,[8,9,12],[8,10,7],[8,10,9],[8,10,11],[8,10,121,[8,11,7],[8,11,9], [
8,11,101],[8,11,12],[8,12,71],[ 8, 12, 9] [8,12,10],[8,12,111,[9,7,81,[9,7,101,[9,7,111,[9, 7,
121,19,8,71,[9,8,101,[9,8,111,[9,8,12],[9,10,71,[9,10,81,[9,10,111,[9,10,121,[9,11, 7], [
9,11,81,[9,11,10],[9,11,121,[9,12, 71, [ 9, 12 81,[9,12,10],[9,12,111,[10,7,8],[10,7,91, [ 10,
7,111,[10,7,12],[10,8,7],[10,8,9],[10,8,111],[10,8,12],[10,9,7],[10,9,8],[10,9,11],[ 10,9,
121,[10,12,71,[10,11,8],[10,11,91],[ 10, 11, 12] [10,12,71],[10,12,8],[10,12,9],[10,12,11],

11,7,81,[11,7,91,[11,7,10],[11,7,12],[11,8,71, [ 11,8,9],[ 11, 8,101, [ 11,8,121, [ 11,9, 7], [ 11,
9,81,[11,9,10],[11,9,12],[11,10,7], [ 11, 10,81, [ 11,10,9],[ 11, 10, 12], [ 11, 12, 7], [ 11, 12, 8 1,[
11,12,91,[11,12,10],[12,7,8]1,[12,7,91,[ 12,7, 101, [ 12,7,11],[ 12,8,71, [ 12,8,91,[ 12,8,10 ], [
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12,8,111,[12,9,7],[12,9,8],[12,9,10],[ 12,9,11],[12,10,7],[ 12,10,8],[ 12,10,9],[ 12, 10,11 ]
[12,11,7],[12,11,8],[12,11,9],[12,11,10]}

and;

gap> Arrangements([13,14,15,16,17,18],3); V381 ={[ 13,14,151,[13,14,161],[ 13, 14,171, [ 13, 14, 18],
13,15,141,[13,15,16],[13,15,17],[ 13, 15,18],[ 13, 16, 14],[ 13, 16, 15],[ 13, 16,17 ], [ 13, 16, 18],
13,17,141,[13,17,15],[13,17,161]1,[ 13,17,18],[ 13,18,14],[ 13,18,15],[ 13,18, 16 ],[ 13, 18, 17,
14,13,15],[14,13,16],[14,13,17],[ 14,13,18],[ 14, 15,13 ],[ 14, 15,16 ], [ 14, 15, 17],[ 14, 15, 18],
14,16,13],[14,16,15],[ 14,16,171],[ 14,16,18],[ 14,17,13],[ 14,17,15],[ 14,17,16],[ 14, 17, 18],
14,18,13],[14,18,15],[14,18,16],[ 14,18,17],[ 15,13,14],[ 15,13,16 ], [ 15, 13, 17], [ 15, 13, 18],
15,14,13],[15,14,161],[ 15, 14,17],[ 15, 14,18],[ 15, 16, 13],[ 15, 16, 14 ], [ 15, 16, 17 ], [ 15, 16, 18]
15,17,13],[15,17,141,[15,17,161,[ 15,17,181],[ 15, 18, 13],[ 15, 18,14 ], 15, 18, 16 ], [ 15, 18, 171,
16,13,141],[16,13,15],[ 16, 13,17],[ 16,13,18],[ 16, 14,13],[ 16, 14,15],[ 16, 14,17, [ 16, 14, 18],
16, 15,13],[ 16, 15,14 1],[ 16, 15,17],[ 16, 15,181, [ 16,17,13], [16,17,14],[ 16,17,15],[ 16, 17, 18],
[16,18,13],[16,18,14],[16,18,15],[16,18,17],[17,13,14],[17,13,15],[17,13,16],[ 17,13, 18],
[17,14,13],[17,14,15],[17,14,16],[17,14,18],[17,15,13],[17,15,14],[ 17,15,16],[ 17, 15, 18],
[17,16,13],[17,16,14], [17,16,15],[17,16,18],[17,18,13],[17,18,14],[17,18,15],[ 17, 18, 16
1,[18,13,141,[18,13,15],[18,13,16],[ 18,13,17],[ 18,14, 13],[ 18, 14,15],[ 18, 14, 16 ], [ 18, 14, 17
1,[18,15,13],[18,15,14],[18,15,161],[18,15,17],[ 18, 16,13 ],[ 18, 16, 14],[ 18, 16,151, [ 18, 16, 17
1,[18,17,13],[18,17,14],[18,17,15],[18,17,16 ]}

[
[
[
[
[
[
[
[
[

The cartesian product of P31 x SBI x VI3] is generated using the GAP software with | PB3I x SBI x VB3] =

1728000. G is generated by

< {(123456), (123)},{(789 10 11 12), (789)},{(13 14 15 16 17 18), (13 14 15)} > using the GAP
software. ([1,2,3], [7,8,9], [13,14,15]) is fixed by an element (g,, gs, g») € G ifandonly if 1,2 and 3 comes
from a single cycle in g, ; 7,8 and 9 comes from a single cycle in gs and 13,14 and 15 comes from a single
cycle of g, .

The [Stabs([1,2,3],][7,8,9],[13,14,15])| = 27.
By Orbit-Stabilizer Theorem,
|0rbs ([1,2,3],]7,8,9],[13,14,15])| = |G: Stabs([1,2,3],[7,8,9],[13,14,15])|

|G|
|Stabg ([1,2,3], [7,8,9], [13,14,15])|

46 656 000
=____ =1728000 = |PBI x SBI x VB3|

27

Therefore, A X Ag X Ay acts transitively on PBI x SB1 x VB,
Lemma 2.3: The action of A; X A, x A, on PBl x SBI x VB3] is transitive.
Proof: Let G = A; X A; X A, acton PBI x SBI x V131 where;

gap> Arrangements([1,2,3,4,5,6,71,3); P31 ={[1,2,3],[1,2,4],[1,2,5],[1,2,6],[1,2,7],[1,3,2],[
1,3, 4] [1,3,5]1,[1,3,6]1,[1,3,7],[1,4,2],[1,4,3],[1,4,5],[1,4,6],[1,4,7],[1,5,2],[1,5,3],
[1,5,4],[1,5,61,[2,5,7],[1,6,2],[1,6,3],[1,6,4],[1,6,5],[1,6,7],[2,7,2],[1,7,3],[1,7,4
1,[1,7,5]1,[1,7,6],[2,1,3],[2,1,4],[2,1,5],[2,1,6],[2,1,7],[2,3,1],[2,3,4],[2,3,5],[ 2, 3,
61,[2,3,7],[2,4,1]1,[2,4,31,[2,4,5],[2,4,61,[2,4,7],[2,5,1],[2,5,3],[2,5,4],[2,5,6], [ 2
571,[2,6,1],[2,6,3],[2,6,4],[2,6,5],[2,6,7],[2,7,11,[2,7,3],[2,7,41,[2,7,5],[2, 7,61, [
3,1,21,[3,1,41,[3,4,5],[3,1,6],[3,1,7],[3,2,11],[3,2,4],[3,2,5],[3,2,6],[3,2,7],[3,4,1],
[3,4,2],[3,45],[3,4,61,[3,47],[351],[3,52],[3,5,4],[3,5,61,[3,5,7],[3,6,1],[3,6,2
1,[3,6,4],[3,6,51,[3,6,71,[3,7,11,[3,7,2),[3,7,4],[3,7,5),[3,7,61,[4,1,2],[4,1,3], [ 4 1,

57



Moses et al.; ARJOM, 17(12): 53-62, 2021; Article no.ARJOM.79636

5],14,1,6]1,[4,1,7],[4,2,1],[4,2,3].[4,2,5],[4,2,6],[4,2,7],[4.3,1].[4,3,2],[4,.3,5]. [ 4 3,
61,[4,3,7],[4,51],[452],[4,53]1,[4,56],[457],[4,6,1],[4,6,2],[4,6,3],[4,6,5],[4,
6,71,[(47,11,[4,7,2]),[4,7,3],[4,7,5],[4,7,6],[51,2],[5,1,3],[5/1,4],[51,6],[51,7][
52,1],[52,3],[52,4],[52,6],[52,7], [53,1],[53,2],[5,3,4],[5,3,6],[5,3,7],[5,4,1],
[54,2],[54,3],[54,6],[54,7],[56,1],[56,2],[56,3],[56,4],[56,7],[57,1],[57,2
1.[5,7,3],[57,4],[57,6],[6,1,2],[6,1,3],[6,1,4],[6,1,5], [6,1,7],[6,2,1],[6,2,3],[6, 2,
41,[6,2,51,[6,2,71,[6,3,1],[6,3,2],[6,3,41,[6,3,5],[6,3,7],[6,4,11,[6,4,2],[6,4,3], [6,
4,5]1,[6,4,71,[6,511,[6,52],[6,53],[6,5,4],[6,57],[6,7,1],[6,7,2],[6,7,3], [6,7,4], [
6,7,51,[7,14,21,[7,14,3),[7,1,4]),[7.1,5),[7,1,6],[7,2,1]),[7,2,3],[7,2,4],[7,2,5].[7,2,6],
[7,3,1],[7.,3,2],[7,3,4),[7,3,5],[7,3,6]),[7.4,1],[7,4,2],[7,4,3).[7,4,5],[7,4,6].[7,51
1.[7,5 2], [7,53],[7,54],[7,5,6],[7,6,1],[7,6,2],[7,6,3],[7,6,4],[7,6,5]};

gap> Arrangements([8,9,10,11,12,13,14],3); SB1={[8,9,10],[8,9,11],[8,9,12],[8,9,13],[8,9, 14],
[8,10,9],[8,10,111],[8,10,12],[8,10,13],[8,10,141],[8,11,9],[8,11,10],[8,11,12],[8, 11, 13],
[8,11,14],[8,12,9],[8,12,10],[8,12,11],[8,12,13],[8,12,14],[8,13,9],[8,13,10],[8, 13 11]
[8,13,121],[8,13,14],[8,14,9],[8,14,10],[8,14,11],[8,14,12],[8,14,13],[9,8,10],[9, 8, 11]
[9,8,12],[9,8,13],[9,8,14],[9,10,8],[9,10,111,[9,10,121,[9,10,13],[9,10,141,[ 9, 11, ],[&
11,10],19,11,12],19,11,13],[9,11,141],[ 9, 2 81,[9,12,10],[9,12,11],[9,12,13],[9, 12,14 ], [
9,13,8],[9,13,10],[9,13,11],[9,13,12],[9,13,14],[9,14,8],[9,14,10],[ 9,14, 111, [ 9, 4 121],
[9,14,13],[10,8,9],[10,8,11],[10,8,121],[10,8,131],[10,8,141],[10,9,8],[ 10,9,111],[10,9,12],
[10 9,13],[10,9,14],[10,11,8],[ 10,11,9],[10,11,12],[ 10,11, 13],[ 10, 11,141, 10, 12,81, [ 10,
12,91],[10,12,111],[10,12,13],[10,12,141],[10,13,8],[10,13,9],[ 10, 13,111],[ 10, 13,121, [ 10, 13,
141,[10,14,8],[10,14,9],[10,14,111],[10,14,121],[ 10, 14,13],[11,8,9],[11,8,10],[ 11,8,12], [
11,8,131,[11,8,14],[11,9,8],[11,9,10],[11,9,12],[12,9,13],[ 11,9,14],[ 11,10,8],[ 11, 10,9],
[11,10,12],[12,10,13],[12,120,1241],[11,12,8],[11,12,9],[12,12,101],[11,12,13],[11,12,14],[
11,13,81,[11,13,9],[12,13,101],[11,13,12],[11,13,141],[ 11,14,8],[ 11,14,9],[ 11, 14,101, [ 11,
14,121,[11,14,13],[12,8,9],[12,8,10],[12,8,11],[12,8,13],[12,8,14],[12,9,8],[12,9,10], [
12,9,111,[12,9,13],[12,9,14],[12,10,8],[ 12,10,9],[ 12,10,11],[12,10,13],[12,10,14],[ 12, 11,
81,[12,11,9],[12,11,10],[12,11,13],[12,11,14],[12,13,8],[12,13,9], [12,13,10],[ 12, 13, 11
1,[12,13,14],[12,14,8],[12,14,91],[12,14,10],[ 12,14,111,[12,14,13],[13,8,9],[ 13,8,10],[ 13
8,11],[13,8,12],[13,8,14],[13,9,8],[13,9,10],[13,9,11],[13,9,12],[13,9,14],[13,10,8 ], [
13,10,91,[13,10,111],[13,10,121],[ 13,10,141],[13,11,81,[13,11,9],[ 13,121,101, [ 13,11,12], [ 13,
11,141,[13,12,8]1,[13,12,91],[13,12,10],[13,12,111],[ 13,12,14],[ 13,14,8],[ 13, 14,91, [ 13, 14,
10],[13,14,11],[13,14,12],[14,8,9],[14,8,10],[ 14,8,111],[14,8,12],[ 14,8,13],[ 14,9,8], [ 14,
9,10],[14,9,111,[14,9,12],[ 14,9,13],[ 14,10,8],[ 14,10,91],[ 14,10,11],[ 14,10, 12], [ 14, 10, 13
1,[14,11,8],[14,11,9],[14,11,10],[ 14,11,121],[ 14,11,13],[ 14,12,8]1,[ 14,12,9],[ 14, 12,10], [
14,12,111,[14,12,13],[14,13,8],[14,13,9],[14,13,10],[14,13,11],[ 14,13,12 ]}

and

gap> Arrangements([15,16,17,18,19,20,21],3); V81 ={[ 15, 16, 17],[ 15, 16,18 ],[ 15,16,19],[ 15,116,201, [
15,16,211],[15,17,16],[ 15, 17,181],[15,17,19],[15,17,20],[ 15,17,21],[15,18,16],[ 15,18,17], [
15,18,191],[15,18,201],[ 15, 18,211],[15,19,16],[ 15,19,171],[15,19,18],[15,19,20],[ 15,19,21], [
15,20,161],[ 15, 20,171, [ 15, 20,181,[ 15,20,191],[ 15,20,21],[15,21,16],[15,21,17],[ 15,21,18 1], [
15,21,191],[15,21,20],[ 16, 15,171, [ 16, 15, 18], [ 16, 15,19],[ 16, 15,201],[ 16, 15,21 ],[ 16,17,15],[
16,17,181],[ 16,17,191],[ 16, 17,20],[ 16,17,211],[ 16,18,15],[ 16, 18,17 ],[16,18,19],[ 16,18,20], [
16,18,211],[16,19,15],[16,19,171],[ 16, 19,181, 16,19,201],[ 16, 19,211],[ 16, 20, 15],[ 16, 20,171, [
16, 20,181, [ 16, 20,191],[ 16,20,211],[ 16,21,15],[16,21,17],[16,21,18],[16,21,19],[16,21,20], [
17,15,161],[17,15,18],[ 17,15,191],[17,15,20],[ 17,15,21],[17,16,15],[ 17,16,18],[17,16,19], [
17,16,20],[17,16,21],[17,18,15],[17,18,16],[17,18,19],[17,18,20],[17,18,21],[17,19,15], [
17,19,161],[17,19,18],[17,19,20],[17,19,21],[17,20,15],[17,20,161],[ 17,20,18],[17,20,19], [
17,20,21],[17,21,15],[17,21,161],[17,21,18],[17,21,19],[17,21,20],[18,15,161],[18,15,17 ],
18,15,191],[18,15,20],[ 18, 15,211],[ 18, 16,15],[ 18, 16,17],[ 18,16,191],[ 18,16,201],[ 18,16,211],[
18,17,15],[18,17,161],[ 18,17,19],[18,17,20],[18,17,21],[18,19,15],[18,19,161],[18,19,17], [
18,19,201],[18,19,211],[18,20,15],[18,20,161],[18,20,171],[18,20,191],[18,20,211],[18,21,15],[
18,21,16],[18,21,17],[18,21,191],[18,21,201],[ 19, 15,161, 19, 15,17],[ 19, 15,18],[19,15,20], [
19,15,211],[19,16,15],[19, 16,171],[ 19, 16,181],[19,16,20],[19,16,211,[19,17,15],[19,17,16],[
19,17,181],[19,17,20],[19,17,21],[19,18,15],[19,18,161],[19,18,17],[19,18,20],[19,18,21],[
19,20,15],[19,20,161],[19,20,171],[19,20,181],[19,20,211],[19,21,15],[19,21,161],[19,21,17],[
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19,21,187,[ 19, 21,207, [ 20, 15, 16 ], [ 20, 15, 17 ], [ 20, 15, 18 ], [ 20, 15, 191, [ 20, 15, 211, [ 20, 16, 15 ], [
20,16, 171, [ 20, 16, 18, [ 20, 16, 19], [ 20, 16, 21 ], [ 20, 17, 15], [ 20, 17, 16 ], [ 20, 17, 18 ], [ 20, 17,191, [
20,17,21],[ 20, 18, 15], [ 20, 18, 16 ], [ 20, 18, 17 ], [20, 18,197, [ 20, 18, 21 ], [ 20, 19, 15, [ 20, 19, 16 ],
[20,19,17],[20, 19,187, [20, 19, 21], [ 20, 21, 151, [ 20, 21, 16, [ 20, 21, 17, [ 20, 21, 18], [ 20, 21, 19 ]
[21,15,16], [ 21, 15,17 ], [ 21, 15, 18], [ 21, 15,191, [ 21, 15,20, [ 21, 16, 15], [ 21, 16, 17 ], [ 21, 16, 18],
[21,16,19],[21,16,20], [ 21,17, 15], [ 21, 17,16 ], [ 21, 17, 18], [ 21, 17, 19], [ 21, 17,20, [ 21, 18, 15 ]
[21,18,16],[21,18,17],[21,18,19], [ 21, 18,207, [ 21, 19, 15], [ 21, 19, 16 ], [ 21, 19, 17 ], [ 21, 19, 18 ]
[21,19,20],[21,20,15], [ 21, 20,161, [ 21, 20,177, [ 21, 20, 18], [ 21, 20, 19 T}

The cartesian product of PBI x SB1 x VI3 is generated using the GAP software with, | PI3l x S x VB]| =
9261 000. G is generated by

< {(1234567),(123)},{(89 10 11 12 13 14), (89 10)},{(15 16 17 18 19 20 21), (15 16 17)} > using
the GAP software. ([1,2,3], [8,9,10], [15,16,17]) is fixed by an element (g, g, g») € G ifandonlyif 1,2 and

3 comes from a single cycle of g, ; 8,9 and 10 comes from a single cycle of g and 15,16 and 17 comes from
asingle cycle of g, .

The |Stabg ([1,2,3],[8,9,10],[15,16,17])| = 1728.
By Orbit-Stabilizer Theorem,
|Orbs ([1,2,3],[8,9,10],[15,16,17])| = |G: Stabe ([1,2,3],[8,9,10],[15,16,17])|

B 6]
|Stabg ([1,2,3],[8,9,10], [15,16,17])|

16 003 008 000
=__ =9261000 = |PB] x SBI x VB]|

1728

Therefore, A, X A, X A, acts transitively on P[3] x SBI x VB3I,

Theorem 2.4: The action of 4, x A, X A, on PBI x SBl x VB is transitive if and only if n > 5.

Proof: Let G =G, X GsX G, =A, XAy, XA, act on PBIxSBEIxVIE ., It suffices to verify that
|PB31 x SBI x V3| is equal to |Orbg ([1,2,3],[n+1,n+2,n+ 3], [2n+ 1,2n+ 2,2n + 3])] .

Let |[R| = |Stabs([1,2,3],[n+ 1, n+2,n+3],[2n+ 1,2n+ 2,2n + 3])|.
S0, (gp g5, 9v) € G = Ay X Ay X A, fixes ([1,2,3],[n+1,n+2,n+3],[2n+ 1,2n + 2,2n + 3]) € PBI X
SBIx VBl ifand only if 1,2 and 3 comes from 1-cycle of g, ;n+ 1,n+ 2 and n + 3 comes from 1-cycle

of gsand 2n+ 1,2n+ 2 and 2n + 3comes from 1-cycle of g,, .

The Stab;([1,2,3],[n+1,n+2,n+3],[2n+ 1,2n+ 2,2n + 3]) isisomorphicto: A,_; XA, 3 XA, 5.

Therefore, |R| = [Stabs([1,2,3],[n+ 1L,n+2,n+3],[2n+ 1,2n+ 2,2n+ 3])| = |Stabgp([1,2,3]) X
Stabg ([n + 1,n + 2,n + 3]) X Stabg, ([2n + 1,2n + 2,2n + 3])|

3
(n=3)!x(n=3)!x(n—3)! :((”—3)!)

lRl = 2X2X2 2
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Applying the Orbit-Stabilizer Theorem we get;
[Orbg ([1,2,3],[n+ 1,n+2,n+3],[2n+ 1,2n + 2,2n + 3])|

= |G:Stabg([1,2,3],[n+ 1,n+ 2,n+3],[2n+ 1,2n + 2,2n + 3])|

3
Ixnlxnl n!
Gl =1 =(—
|Gl 2X2x2 (2)
n! 3 3
o _ Q)
[RI (n—3)!)3 (n—3)!

Therefore;

3
19— =) =|PBI x SBI X Vi)
Rl “(n-3)!

Hence, A4, x A, X A, acts transitively on P31 x SB1 x VBl if n > 5.
Corollary 2.5: For n <5, the

[Stab([1,23],[n+1L,n+2,n+3],[2n+ 12n+2,2n + 3] |=|4,_3 X 4,3 X 4,_5| < 1.
4. Conclusion

The cartesian product of the alternating group A_n(n = 5) acting on a cartesian product of ordered sets of triples
has been determined to be transitive using the Orbit-Stabilizer Theorem by showing that the length of the orbit

(p,s,v)in A, X A, X A,, (n = 5) actingon PBI x SBI x V31 isequivalent to the cardinality of P31 x SBI x
V31 to imply transitivity.
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