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INSTRUCTIONS: 
 

• Answer question ONE and any other TWO questions. 

QUESTION ONE (30 MARKS) 

(𝑎)State the four classifications of a stochastic process               (4 marks)     

(𝑏)Determine the generating function A(s) for the sequence { 𝑎𝑘 , 𝑘 = 0,1,2, . , . , .,} where; 

(𝑖)𝑎𝑘 = 2                                                                                                                                                 (3 marks) 

(𝑖𝑖)𝑎𝑘 = 𝑘2                                                                                                                                              (3 marks) 

(𝑖𝑖𝑖)𝑎𝑘 =
1

𝑘!
                                                                                                                                              (3 marks) 

(𝑏) A sequence of probabilities {𝑝𝑘} is such that  𝑝𝑘 = 𝑃(𝑋 = 𝑘) 

If  𝑝𝑘 = 𝑃(𝑋 = 𝑘) = {
(

𝑛
𝑘

) 𝑝𝑥𝑞𝑘, k = 0,1,2, . , . , . , n

0                       , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

where 𝑞 = 1 − 𝑝 , 

(𝑖) Determine the probability generating function of the sequence {𝑝𝑘}   (3 marks) 

(𝑖𝑖) Use the probability generating function of the sequence {𝑝𝑘} obtained above to find the mean  

and variance of 𝑋            (5 marks) 
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(𝑐)The probability generating function of a branching process is given by; 

𝐺(𝑠) =
1

12
+

2

3
𝑠 +

1

4
𝑠2 

     Determine the probability of extinction of the process.                                                          (3 marks)       

(𝑑) A local bank has a single teller machine (ATM). Customers arrive at the ATM according to poisson 

input process at a mean rate of 20 per hour. The time a customer takes to conclude a transaction  

has an exponential distribution with a mean of 2.5 minutes. Determine; 

(𝑖) The average waiting time of a customer in the queue                      (2 marks) 

(𝑖𝑖) The average number of customers in the system                                            (2 marks) 

(𝑖𝑖𝑖) The average queue length                                                                                (2 marks) 

QUESTION TWO (20 MARKS) 

(𝑎). Suppose 𝑋 and 𝑌 are two independent random variables with respective probability generating      

functions  𝐺𝑋(𝑠) and𝐺𝑌(𝑠). Let 𝑍 be another random variable defined by; 

𝑍 = 𝑋 + 𝑌 

If 𝐺𝑍(𝑠)is theprobability generating function of 𝑍, 

show  using  probability generating functions that, 

(𝑖)  𝐺𝑍(𝑠) = 𝐺𝑋(𝑠) + 𝐺𝑌(𝑠)                                                                                                                       (2 marks) 

(𝑖𝑖)  𝐸(𝑍) = 𝐸(𝑋) + 𝐸(𝑌)                                                                                                                          (2 marks) 

(𝑖𝑖𝑖)  𝑉𝑎𝑟(𝑍) = 𝑉𝑎𝑟(𝑋) +  𝑉𝑎𝑟(𝑌)                                                                                                          (4 marks) 

(𝑏) Let  𝑍𝑁 = 𝑋1 + 𝑋2+.  .  .  .  .  . +𝑋𝑁, where  𝑋𝑖(𝑖 = 1,2, .  .  . , 𝑁) is a random variable and 𝑁 is also a 

random variable. Assume that the 𝑋𝑖
,  𝑠 are independent and identically distributed as 𝑋 and let 𝜙(𝑠) , 

𝐻(𝑠) and 𝐺(𝑠) denote the probability generating functions of  𝑍𝑁 , 𝑁 and 𝑋 respectively 

Prove that, 

(𝑖)  𝜙(𝑠) = 𝐻[𝐺(𝑠)]                                                                                                                                    (4 marks) 

(𝑖𝑖)  𝐸(𝑍𝑁) = 𝐸(𝑋)𝐸(𝑁)                                                                                                                            (3 marks) 

(𝑖𝑖𝑖) 𝑉𝑎𝑟(𝑍𝑁) = 𝐸(𝑁)𝑉𝑎𝑟(𝑋) + [𝐸(𝑋)]2 𝑉𝑎𝑟(𝑁)                                                                             (5 marks) 
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QUESTION THREE (20 MARKS) 

(𝑎) Let   𝑍𝑛 =The size of the  𝑛𝑡ℎ generation in the ordinary branching process. 

       And  𝐺𝑛(𝑠) = 𝐸(𝑠𝑍𝑛)(𝑛 = 1,2,3,.  .  .  .  .  . )  be the probability generating function of  𝑍𝑛.  

 Show that, 

(𝑖) 𝐺𝑛(𝑠) = 𝐺(𝑠)[𝐺𝑛−1]                                                                                                                  (4 marks)  

(𝑖𝑖) 𝐸(𝑍𝑛) = 𝜇𝑛, where 𝜇 = 𝐸(𝑍1)                                                                                                (3 marks)    

 

(𝑏) Suppose {𝑋𝑡; 𝑡 ≥ 0} is a birth-death process with birth rate 𝜆𝑛and death rate 𝜇𝑛. 

(𝑖)   State the axioms of the process                                            (4 marks) 

(𝑖𝑖)Derive the basic difference differential equations of the process                                                                                                                                               

                                       (7marks) 

(𝑖𝑖𝑖) Deduce from the results in (𝑎), the difference differential equations of the poisson process  

           (2marks) 

 

 

QUESTION FOUR (20 MARKS) 

(𝑎)   Define the following; 

(𝑖) transient state of a Markov chain                              (2 marks) 

(𝑖𝑖) Aclosed set of states of a Markov chain                                                        (2 marks) 

(𝑏)  A matrix of transition probabilities is given by; 

𝑃 = [
0.3 0.5 𝑏 − 𝑎
0.4 0.3 0.3

𝑎 + 𝑏 0.1 0.3
] 

Determine the values of a and b                                                                                                         (3marks) 

 

(𝑏) (𝑖) Amarkov chain has transition probability matrix 𝑃 given by, 

𝑃 = [
0.34 0.26 0.40
0.44 0.32 0.14
0.61 0.22 0.17

] 
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Draw the transition diagram for the Markov chain     (3 marks) 

 

A Markov chain has the matrix of transition probabilities given by; 

 

𝑃 = [

4 

9

5

9
5

6

1

6

] 

(𝑖) Find the stationary distribution of the chain                                                         (4 marks) 

(𝑖𝑖) State the value of, 

lim
𝑛→∞

𝑃𝑛                (1 mark) 

(𝑐) A Markov chain has the matrix of transition probabilities given by; 

 

𝑃 = [

5

8

3

8
2

5

3

5

] 

Assuming  𝑋0 = 1, determine 𝜇12,the mean passage time of the Markov chain                             (5 marks)   

 

QUESTION FIVE (20 MARKS) 

(𝑎) Define the following as used in queuing models  

(𝑖) Arrival rate (𝜆) 

(𝑖𝑖)   Service rate (𝜇) 

(𝑖𝑖𝑖)    Traffic intensity (𝜌)           (3 marks) 

(𝑏)The steady state equations for the poisson queueing process are given by  

𝑃𝑛+1 =
(𝜆𝑛 + 𝜇𝑛)𝑃𝑛 − 𝜆𝑛−1𝜇𝑛−1𝑃𝑛−1

𝜇𝑛+1
 

for  1 ≤ 𝑛 

and 

𝑃1 =
𝜆0

𝜇1
𝑃0 for 𝑛 = 0 
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Show that  

𝑃0 = [1 + ∑ ∏ (
𝜆𝑖−1

𝜇𝑖
)

𝑛

𝑖=1

∞

𝑛=1

]

−1

 

                                                                                                                                                           (7 marks)  

(𝑐)   At a one-man barber shop, it takes on the average half a for a hair-cut, and customers arrive at an 

average rate of one per every 45 minutes. Assuming arrivals have a poisson distribution and service time 

has a negative-exponential, determine, on average,                                                                   (10 marks) 

(𝑖) how many customers there will be in the shop 

(𝑖𝑖)  what time a customer will spend in the shop 

(𝑖𝑖𝑖)  of that time, what part will be spent waiting for service     

(𝑖𝑣)  what portion of the day the barber will be idle 

(𝑣)   the probability that a customer has to wait for more than 30 minutes 

------------------------------------------------------------------------------------------------------------------------------------------ 


