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| PRELIMINARIES

1.1 Notation and Terminology

In this paper, we shall represent the following notations as: }- sum over i; A -an alternating group of
n

degree n and order LZ' ; |G| —the order of a group G; |G: H| -Index of H in G;
PP! _ the set of an ordered triple from set P = {1,2,3,..,n}; S Bl _ the set of an ordered triple from set

S={n+1,n+ 2,..,2n}; VP _ the set of an ordered triple from set

V={2n+1,2n + 2,..,3n}; [a,b,c] -Ordered triple; A x A x A -Cartesian product of alternating

n n n
group A ; _[3] [3] 3] -Cartesian product of ordered sets of triples (31 3] and [3]
P XS xv P S vV -

)
n

Definition 1.1.1: Group action (Kinyanjui et al., 2013): Let P be a non-empty set. A group G is said
to act on the left of P if for each geG and each peP there corresponds a unique element gpeG such
that:

(i) (9192 =91(92p), 91, g2 € Gand p EP.

(i) Forany p€eP, ep = P, where e is the identity in G.

The action of G from the right on P can be defined in the same manner.
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Definition 1.1.2: Orbit (Njagi, 2016): Let G act on a set P. Then P is partitioned into disjoint
equivalent classes called orbits or transitivity classes of the action. For every peP the orbit containing p
is called the orbit of p and is denoted by Orb G(F)-

Definition 1.1.3 Fixed point (Kinyanjui et al., 2013): Let G act on a set P. The set of elements of P
fixed by g€G is called the fixed-point set of ¢ and is denoted by Fix(g). Thus Fix(g) = {gp = p}.

Definition 1.1.4: Transitive group (Cameron, 1970): If the action of a group G on set P has only one
orbit, then we say that G acts transitively on P. In other words, G acts transitively on P if for every
pair of points p, s€ P, there exists geG such that gp = s.

Theorem 1.1.4: (Orbit — Stabilizer Theorem, Rose, 1978, p.72): Let G act on a set P. Then
|0rbG (p)| = |G: StabG(p) |

Definition 1.1.5: Blocks and primitivity (Nyaga et al., 2011): Assume that the action of G on X is
transitive. For every subset A of X such that each gegG, let gA = {ga: a€A}<X. A subset A of X is referred
to as a block for the action if, for every g€G, either gA = A or gAnA = @. @, X and all singleton subsets
of X are definitely blocks known as trivial blocks. If these are the only blocks, then G acts primitively on
X otherwise, G acts imprimitively.

Definition 1.1.6: Direct product action (Cameron et al, 2008): Let (01: P 1) and (Gz' I 2) be

permutation groups. The direct product G1X Gz acts on the disjoint union P1 U Pz by the rule

P(g 29 2)= pg , if PEP , pg ,if PEP ~ and on the Cartesian product P X P by the rule
(pl' pz) (gl' gz) - (plgl' ngz)'
Theorem 1.1.7: (Armstrong, 2013): The G1 X G2 X G 3—0rbit containing (p, s, v)EPxSxV is given by

Orb ¢ (p)x0rb c (s)x0rb ¢ (v) and the stabilizer of (p,s,v) is given by Stab ¢ (p)xStab 9 (s)xStab ¢ ).

1.1 Introduction

Higman (1964) introduced the rank of a group on finite permutation groups of rank 3. Cameron
(1972) worked on the suborbits of multiply transitive permutations and later in 1973 studied the
suborbits of primitive groups.

Hamma and Aliyu (2010), on transitivity and primitivity of dihedral groups proved that the dihedral

group of degree 2" (n>2) is transitive and primitive. Ndarinyo et al., (2015) showed that the alternating
group A = 5, 6,7 acts transitively on unordered and ordered triples from the set p = 1,2,..,n when
n

n<7 through determination of the number of orbits.

Muriuki et al.,, (2017) showed that for the action of direct product of three symmetric groups on
Cartesian product of three sets, the action is both transitive and imprimitive for all n>2 and the

. . .3
associated rank is 2.

Mutua et al., (2018) showed that the direct product of S x A, of the symmetric group S by the

n

alternating group 4 ~on the cartesian product xxy has its action both transitive and imprimitive

when n>3. Nyaga (2018) proved that the direct product action of the alternating group on the
Cartesian product of three sets is transitive.
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Maraka et al.,, (2021) showed that the action of the cartesian product of the alternating group,
. (3] [3] (3]
A XA XA, onthe cartesian product of P xS xV |, the cartesian product of ordered sets of

K
n n n

triples is transitive when n>5.

Based on these results we investigate some properties of An X An X An , the cartesian product action of

3]

the alternating group acting on P Bl s V[S], the cartesian product of ordered sets of triples.

. . (3] [3] 3]
The cartesian product of alternating group An XA X An, actson p x5 x V", by therule;

n

g{([1,213,[1, 214, . .[k, k=1, k=13, [k k=1, k—2)Ixg{ ([k+1, k+2, k+

3, [k+1, k+2, k+4],..[2k,, 2k—1,2k—3, [2k, 2k —1, 2k — 3 ) }x gs{ ([2k +

1,2k +2, 2k +3, [2k +1, 2k +2, 2k +4], ...[3k, 3k—1, 3k —3, [3k, 3k —1,3k—3 ) }=
{9:((1,2,13,[1, 2,14, . .[k , k=1, k—13, [k k=1, k—2), go([k +1, k+2, k+3], [k +

1, k+2, k+4, ..[2k, 2k—1, 2k —3, [2k, 2k—1,2k—13), ¢ ([2k +1, 2k +2, 2k +
3], [2k +1, 2k +2, 2k +4], ..,[3k, 3k—1, 3k — 3, [3k, 3k—1, 3k—3 )}

Y g1, 92 93 €A {([1,2,13,[1, 214, .[k k=1, k=3, [k k=1, k—12)}€
P, set of ordered triples from{tlh,e2,s3et. .};P{,£€[@ +1, k+2, k+3], [k +
1, k+2, k+4, ..[2 k, 2k—1, 2k —3, [2k, 2k —1, 2k — 12 ) }€

SBl, set of ordered triples from{tkhde 1,s ekt+2,S.=. . };a2nkd{ ([2k +1, 2k +

I MAIN RESULTS
Theorem 2.1: (Maraka et. al., 2021): The action of the cartesian product of the alternating group 4 ,
n

A X A X A, acting on the cartesian product of ordered sets of triples, p[3] % 5[3] % V[B] , is transitive
n n n

if and only if n>5.

Proof: Let G =G XGs XGy =An XAn XA, acton PI3IXS 31XV [3] It suffices to
verify that |PI3IXS[3IXV (3] is equal to |Orbs([1, 2, 3], [k+1, k+2, k+3], [2k+
1, 2k +2, 2k +3]).|

Let |R| = [Stabs([1, 2, 3], [k+1, k+2, k+3], [2k +1, 2k +2,)2|.k +3]

So,(gp, G, §) EG=A XA XAxfixes ([1, 2, 3], [k+1, k+2, k+3], [2k+1, 2k +
2, 2k +3]) e BIxS[31xV (3] ifand onlyif 1, 2and 3 comes from 1-cycle ofg, ;
k +1, k+2 and k+3 comes from 1-cycle ofg;and 2k +1, 2k +2 and 2k +3|comes

from 1-cycle ofg, .

Therefore, |R|= |StabG([1, 2,3,[n+ 1,n+2,n+3),[2n+ 1,2n + 2,2n + 3]) |

StabG (I1,2,3]) x StabG (n+ Ln+2,n+ 3] X StabG ([2n + 1,2n + 2,2n + 3])|

P s v
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(k=3)! x(k=3)! x(k-3)1  (k=3)! ’

IR| =
2 X2 X2 2

Applying the Orbit-Stabilizer Theorem we get;

|0rbe ([ 1, 2, 3], [k+1, k+2, k+3], [ 2k +1, 2k +2,)2|k +3]

= |G: Stak ([ 1,2, 3], [k+1, k+2, k+3], [ 2k +1, 2k +2,)2|k +3]

k! xk! xk! k! 3

=7 =

Therefore;

|GI ki3
oy Sl Ps B

Hence, An X An X An acts transitively on P[3] xS o V[g] if n>5.

Lemma 2.2: The action of the cartesian product of the alternating group A : A5 X A5 X AS, acting on
the cartesian product of ordered sets of triples, P Bl Pyl , is imprimitive.
Proof: This action is transitive by Theorem 2.1.

Now, forn = 5, theset P = {1, 2, 3,4,5}, so, gap > Arrangements([1,2,3,4,5],3);

p3i={[ 1,2 3],[ 1,2 4],...,[541]1;[542],[5 431]}

S=1{6,7,8,9,}1g0ap> Arrangements([6,7,8,9,10],3);

s ={[6781] 16791 [67101],...,[ 10, 9,a@md], [ 10,9, 7 ], [ 10, 9,

V={11,12, 13,14 },1s% gap> Arrangements([11,12,13,14,15],3);

visl={[ 11, 12, 13 ], [ 11, 12, 14 ], ..., [ 15, 14, 11 ], [ 15,14, 12 ], [ 15, 14, 13]
We have;

K =
{(1,213,[1,2]41[1, 215 ..[5 4]11[5 412 [5, 4]3)x

([6,7,18[6,7,19[6, 7, 110 ...[10,9,16[10, 9,]17[10, 9,]8)x

([11,12, 13 [11, 12, 114 [11, 12, 1]5 ...[15, 14, 1] 1 [15, 14, 1],2[15, 14, 1]3)}

Let K' be the non-trivial subsetof K, K' =P 3" x5 xV B3 such that |K'| divides |K].

G G G-3 _ K|
5T =

So, we have; ¥

(5-3)!
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Now,

K =
{(1,23],[6,7,8],[d1,.1,2[,1,42],3] ,[6,7,8 ], DL,K[ 1,42,133] , [6,7,9], [1)1},12,13]

therefore, |K'| =

5!

G-3)

For each element of K’ there exist (g , g, g)cG with _5  cycles permutation,
p s v

(5-3)!

{q0123],...,1(564,73,81),,,---,)[([10119,182,]13 ],..., [ 1 p,shcth 13]

that for every (gp,gs,gv)eG; [1, 2, 3] is fixed in gp, [6, 7, 8] is fixed in g and that [ 11, 12, 13]

belongs to a single cycle of g , then, (9 9,9 ) either fixes an element of K' — pBl 5 B & Bl

or takes one element of K to another so that; (gp. gs,gv)((' =K '_ Any other (gp, 9, QU)EG moves an

element of K 'to an element not in K ' so that; (g ,9,9 ) KnK = @. Thus, KV is a non-trivial block
p s

for the action and it follows from definition 1.1.5 that the action is imprimitive.

Lemma 2.3: The action of the cartesian product of the alternating group A ; A6 X A6 X A6, acting on

the cartesian product of ordered sets of triples, P Bl s x ! , 1s imprimitive.

Proof: This action is transitive by Theorem 2.1.

Now, forn = 6, theset P = {1, 2, 3, 4,5, 6}, so, gap> Arrangements([1,2,3,4,5,61,3);

We have;

v p s v

Pel=([1,23],[1241],[125],...,[165:2],[6753],[675 4]
§$={7,8,9, 10, 11}, slo2gap> Arrangements([7,8,9,10,11,12],3);
SB=([ 7,891],[ 7810 1],[ 7,8 111, ...,[ 12 11, 8 ],a[nd12, 11, 9 ], |

V ={13, 14, 15, 16, 17}, s108gap> Arrangements([13,14,15,16,17,18],3);

London Jgurnal of Research in Science: Natural and Formal

VBl =

{ [13, 14, 15 |, [ 13, 14, 16 |, [ 13, 14,17 ], ..., [ 18,17, 14 ], 18, 17, 15 ], |
K =

{1y, 2 3]1,[ 1,24],[1,25],...,[6521],[6253] 675 4])x

aQa 7,891, [ 78 10],[ 7,8 11 ], ..., 12,11, 8 ]), x 12,11, 9 ], [ 12, 11, 10
([ 13, 14, 15 ], [ 13, 14,16 |, [ 13, 14,17 |, ..., [ 18,17, 14 ],)[} 18, 17, 15 ], |

Let K' be the non-trivial subset of K, K’ =P 131" xS131" xV 13" such that |K'| divides |K]|.

We have; L = —

F
(6-3)! Il

Primitivity Action of the Cartesian Product of an Alternating Group Acting on a Cartesian Product of Ordered Sets of Triples
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Now,
K =
{(1,2,3],[ 7,89],[33.14,11&] 3] ,[7.89 1], )L&[, 11,72,8%],[7, 8, 10 ], [1)3}, 14, 15]

6!

therefore, |K'| = .
(6-3)!

(6-3)!
(1,2 31165 41),(7 8 91, - [12, 11, 10]), ([13, 14, 15],., [18, 17, 16])} such that for
every (gp' gs.gv)EG; [1, 2, 3]1is fixed in gp,[7; 8, 9] isfixedin g andthat [13, 14, 15] belongs

For each element of K' there exist (g ,9,9 )eG with _ ¢ cycles permutation,
p s U

to a single cycle of g , then, (g ,9,9 ) either fixes an element of K' - p[3] x 5[3] x V[3] or takes one
v p s
elementof K to another so that; (gp. g, gU)K = K Any other (gp, 9, QU)EG moves an element of K

to an element not in K so that; (gp, 9, gv)K NK = @ Thys, K isanon-trivial block for the action

and it follows from definition 1.1.5 that the action is imprimitive.

Lemma 2.4: The action of the cartesian product of the alternating group A ; A7 X A7 X A7, acting on

the cartesian product of ordered sets of triples, PPl x sB 5y

, s imprimitive.

Proof: This action is transitive by Theorem 2.1.

Now, forn = 7, theset P = {1, 2,3,4,5,6,7}, so, gap> Arrangements ([1,2,3,4,5,6,71,3);
pel={[1,2,3],[ 1,2 41, [ 4,25],...,017¢633]1,[7641,[7 6 51}
$={8,9, 10,11, 12, 1}3, solgdap> Arrangements([8,9,10,11,12,13,14],3);
S8 ={[8, 9, 10 ], 89 11 ], 8 9,12 ], ..., 14, 13, 10 |, [andt, 13,11 ], [ 1

vV ={15, 16, 17, 18, 19, 2}( ,so2glap> Arrangements([15,16,17,18,19,20,21],3); VB3 =

{[ 15, 16, 17 |, [ 15, 16, 18 ], [ 15, 16, 19], ..., [ 21, 20, 17 ], [. 21, 20, 18 ], [
We have;

K =

{1, 231,[1241,[ 1251,...,07631,[7641,[765])x

(8,910 1,[ 8 9 111, [ 8 9 121, ..., [ 14, 13, 10 |, D x14, 13, 11 ], [ 14, 13,

([ 15, 16, 17 ], [ 15, 16, 18 ], [ 15, 16, 19], ..., [ 21, 20, 17 ], )[} 21, 20, 18 ], [ 2

Let K' be the non-trivial subset of K, K' =P 13" xS 13" xV 31" such that |K'| divides |K]|

X

L7373 @s-3) _ K|

50, we have, (7! bl 77!)! : 57!) - |KF|
(7-3)!

K =
{([1,2,3] ,[8,9, 10], [1)5,.1,6(] 1,82],3] ,[8 9,10 ], [ 2,1G[ 2,02,139] ], [8, 9, 11], [1)5}, 16, 17]
7!

therefore, |K'| = .
(7-3)!
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For each element of ;- there exist (g 9,9 )EG with _7  cycles permutation,
p s v

{(([1, 2 3107, 6,51,(8, 9, 10], ... [14, 13, 12]), ([15, 16, 17 ],..,[ 21, 20, 19])} such that for
every (gp.gs.gv)eG; [1,2 3]isfixedin g , [8 9, 10] isfixeding andthat [15, 16, 17] belongs

to a single cycle of g , then, (g .9, g) either fixes an element of K' — P[3
v p s
elementof K to another so that; (gp, gs,gvy{ = K . Any other (gp: 9, QV)EG moves an element of K

to an element not in K so that; (gp, 9, gV)K NK = @ Thys, K isanon-trivial block for the action

(7-3)!

1 31 3]
XS XV

and it follows from definition 1.1.5 that the action is imprimitive.

Theorem 2.5: The action of the cartesian product of the alternating group A , A
n

the cartesian product of ordered sets of triples, P Blx s

n

3 3 . . o
Bl vP, s imprimitive for n>5.

. [3] (3] Bl . ..
Proof: The action OfAn XA XA onp xS xV  istransitive by Theorem 2.1 for n>5.

We have;

ConSider,Vgl, g2 g3EAnl{([1l 2!]3; [1; 2!]4’ . -[n» n_]-r n_3ﬂ [n: n_lr n_Z)}E
P8, set of ordered triples from{tlh e2,s3e,t. .};.P{,€[n +1, n+2, n+3],[n+
1,n+2,n+4,..[.2n,, 2n—1, 2n—]3,[2n, 2n —1, 2n —2] ) }€ SI3],

set of ordered triples from the set

S={n+1, n+2, .. .};2md{ ([2n+1, 2n+2, 2n +3],[2n +1, 2n+2, 2n+
4], ..,[3n, 3n—1,3n—13,[3n, 3n—1,3n—3 ) }e VB3],
set of ordered triples from t{hre +slet2n¥2s5...}.3n

K={(1,213[1 214, ..[k, k=1, k—=3,[k k=1, k—2)x ([k+1, k+2, k+3],[k+
1, k42, k+4, ..[2k, 2k—1, 2k—3, [2k, 2k —1, 2k — 3 )x ([2k +1, 2k +2, 2k +
3], [2k +1, 2k +2, 2k +4], ...,[3k, 3k—1,3k—3, [3k, 3k—1,3k—3)}.

: . CopEl B B e
Let K bethe non-trivial subsetof K; K =P xS XV  suchthat |K| divides |K]| .

© 2022 London Journals Press

n! n! n!

=3 =" =31 _ IK|
n!
(n—3)!

Therefore;

IKF|

([1,2,13 [k +1, k+2, k +3], [2k +1, 2k +2, 2k +4]), ...
Now,K'={ ([1,2]13,[k+1, k+2, k+3],[3k 3k—1,3k—3), }.
([1, 2,13, [k +1, k+2, k +4], [2k +1, 2k +2, 2k +3])

n!

(n—3)!

So, |K'| =

Primitivity Action of the Cartesian Product of an Alternating Group Acting on a Cartesian Product of Ordered Sets of Triples

or takes one

X A X A ,acting on
n n
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For every element of  there exist (g 9,9 )EG with _™  cycles permutation;
p s v

A

10.

11.

12.

n 3)!

{(1,2]13101,214 ..k, k—1, k=3, [k, k-1, k—2),([k+1, k+2, k+3],[k+1, k+
2, k+4], . .[2k,, 2k—1, 2k —3, [2k, 2k —1, 2k — 2 ), ([2k +1, 2k +2, 2k +3], [2k +
1, 2k +2, 2k +4, ...[3k, 3k—1, 3k— 13, [3k, 3k —1, 3k — 3 ) } such that for every

(gp»» gs» gv)cG; [1, 2,]3is fixed in gp, [k +1, k+2, k+3] is fixed in g; and that

[2k +1, 2k +2, 2k +3] belongs to a single cycle of g, then, (gp, ¢, gv) either fixes an

element of K' =P [3]Fs XS [ 3 XV (31" or takes one element of K' to another so that;

(g9, 9 g)P[3]F xS xy 131 =p 131 xS 131" xy 13 Any other (g, g, g)cG moves an
p s v p s v

elementof K' toanelementnotin K’ sothat; (g, g, g)P[31F xS xy i3’ n prs’ x
p s v

3] 3]

S = @. This argument shows that K isa non-trivial block for the action and

XV

the conclusion follows from definition 1.1.5 hence the action is imprimitive for n>5 .
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