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ABSTRACT
This study presents a co infection deterministic model defined by a system of ordinary differential equations for
HIV/AIDS, malaria and tuberculosis. The model is analyzed to investigate the potential impact of counseling and
treatment on disease progression by carrying out sensitivity analysis of the reproduction number with respect to
counseling and treatment. The sensitivity indices of the reproduction numbers Ru, Rum, Rur and Ruwr with
respect to treatment and counseling for the HIVV/AIDS individuals showed that counseling is the most sensitive pa-
rameter in controlling the co infections.

Keywords: : HIV/AIDS - TB and Malaria, equilibria, stability, bifurcation, sensitivity, counseling, treatment.

1. INTRODUCTION

Sensitivity analysis on mathematical disease modeling investigates the potential impact of the model parameters on
disease progression by computing the partial derivatives of the reproduction number RO with respect to the
parameters. The basic reproduction number RO is defined as the average number of secondary infections an
infectious individual would cause over his infectious period in an entirely susceptible population. When R, < 1; then
an infectious individual is causing, on average, less than one new infection and thus the disease does not invade the
population. On the other hand, when R, > 1 then an infectious individual is causing, on average, more than one new
infection and thus the disease invades and persist in the population. HIVV/AIDS remains one of the leading causes of
death in the world with its effects most devastating in sub Saharan Africa. One of the key factors that fuels the high
incidence of HIV/AIDS in Sub Saharan Africa is its dual infection with malaria and tuberculosis [16].

Audu et al. [4] investigated the possible impact of co infections of tuberculosis and malaria on the CD4* cell counts
of HIV/AIDS patients and established the following: The healthy control group recorded a median CD4* cell counts
of 789 cells/ pl (789 cells per mm?® of blood); subjects infected with HIV/AIDS only recorded a median CD4* cell
counts of 386 cell/ pul; subjects co infected with HIV/AIDS and TB recorded a median CD4" cell counts of 268
cell/ pl; subjects co infected with HIV/AIDS and malaria recorded a median CD4" cell counts of 211 cell/ul and
those co infected with HIVV/AIDS, malaria and TB recorded the lowest median CD4* cell counts of 182 cell/pl.

This study explores the joint dynamics of the simultaneous co infections of HIV/AIDS, TB and malaria to nvestigate
the potential impact of counseling and treatment on disease progression.

2. MODEL FORMULATION AND DESCRIPTION

To study the dynamics of HIV/AIDS, malaria and TB co infection, a deterministic model is formulated described by
a system of ordinary differential equations. The model sub-divide the human population into the following
epidemiological classes: Su(t) - Susceptible population at time t, Im(t) - Malaria infectives at time t,
In(t) - HIV cases at time t, 1a(t) - AIDS cases at time t, I1(t) - TB cases at time t. Ium(t) - Those co infected with
malaria and HIV at time t, lam(t) - Those co infected with malaria and AIDS at time t, Imr(t) - Those co infected
with malaria and TB at time t, Iu7(t) - Those co infected with HIV and TB at time t, Iar(t) - Those co infected with
AIDS and TB at time t, Iumt(t) - Those co infected with HIV, Malaria and TB at time t, lamt(t) - Those co infected
with AIDS, Malaria and TB at time t. The total human population (Nu(t)) is therefore denoted by:
NH(t) = Su(t) + Im(t) + Ta(t) + 1a@®) + I5(t) + lam(t) + lam(t) + Iur(t) + Tar(®) + lar(t) + lamr(t) + lamr(t).

The vector (mosquito) population at time t denoted by Nv(t) is sub-divided into the following classes: Sv(t) - Vector
susceptibles at time t, lv(t) — Vector infectives at time t. The total vector population Ny(t) is given by Ny(t) = Sy(t)
+ |V(t)-
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2.1 DEFINITION OF PARAMETERS

It is assumed that susceptible humans are recruited into the population at a constant rate either by birth or recovery
from malaria and TB. They acquire infection with either HIV/AIDS, malaria or TB and move to the infectious
classes. Susceptible mosquitoes are recruited into the mosquito population at a constant rate. They acquire malaria
infection following a blood meal feeding on infected malaria humans, becomes infectious and move to the
infectious class.

The recruitment rate of humans into the susceptible population is denoted by An while that of vectors (mosquitoes)
is denoted by Av and are both assumed to be constant. The natural death rate of humans is given by d, while that of
vectors is given by dy. The death rates due to AIDS, malaria and TB in humans are da, dm and d; respectively. The
parameters dam, dmt, dar and dame account for the combined death rates in the lam, Imt, lat and lamr classes
respectively. The parameters rn and r; are the recovery rates from malaria and TB respectively due to effective
treatment. It is assumed that the recovered individuals do not acquire temporary immunity to either or both diseases
thus become susceptible again. The model assumes that susceptible humans cannot simultaneously get infected with
malaria, HIV/AIDS and TB since the transmission mechanics are completely different for the three diseases. The
model further assumes that humans acquire HIV/AIDS through sexual contacts between an infective and a
susceptible.

The average force of infection for HIVV/AIDS denoted Aan is given by

Ba(l =d)er(Iy + Iyas + Tur) ;
Xk = - (2.1.1)
.\ [l

where Pa is the average transmission probability of HIV/AIDS between an infective and a susceptible per sexual
contact and c; is the per capita number of sexual contacts of susceptible humans with HIV/AIDS infected
individuals per unit time. The parameter & measures the effectiveness of counseling through condom use and a
reduction in the number of sexual partners, where 0 < $ < 1. Effective counseling reduces the value of the parameter
Ci1.

The model assumes that the classes lumr, la, lam, lat and lamt do not transmit the virus due to acute ill health and
noticeable AIDS symptoms. Define a; as the number of bites per human per mosquito (biting rate of mosquitoes),
Bm as the transmission probability of malaria in humans per bite thus the force of infection with malaria for humans,
denoted Amn is given by

xy ‘jm[\'
’\mh —t I e (21.2)
N H

whereas the average force of infection with malaria for vectors, denoted Amy is given by

o BT + Tune + Tyr + Lane + Taner + Lanr) 51
«)"rm' = v {_..1_‘3}
Ny
where £, is the transmission probability of malaria in vectors from any infected human. Finally the average force of
infection for TB denoted A is given by

Ay = Bica(lr + Tur + f_u;r':_- Tyt + Tavr + Lar) (2.1.4)
Ny

where B is the transmission probability of TB in humans and c; is the average per capita contact rate of susceptible
humans with TB infected individuals. The rate of progression from HIV to AIDS for the untreated HIV cases is p.
The parameters 01p, 02p and 03p account for increased rates of progression to AIDS for individuals co infected with
HIV - TB, HIV - malaria and HIV malaria - TB respectively where 61 <0, <0 3.

Define o as the proportion of the HIV/AIDS infectives receiving effective treatment. This involves the
administration of ARV ‘S that keeps the HIV patients from progressing to AIDS while transferring the AIDS patients
back to the HIV classes. The modification parameters e"n, e"; and e, account for the reduced susceptibility to
infection with HIV for individuals in the Iu, I+ and the Iur classes respectively due to reduced sexual activity as a
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result of ill health where e" <1, e" <1,e" <1, " <<1.The parameters €™, €™, e™, e™ account for the
m t m mt a h ht at

increased susceptibility to infection with malaria for individuals already infected with AIDS, HIV HIV - TB and

AIDS - TB re ectlvel due to su ssed immune system where e™ > 1, ™ > 1. Itis alsg.clear

that e ,§p 3’ ﬁ‘ ppl[ﬁe parameters é{ ”E‘ h and® et achunf Formthe mcreﬁ%ed suscep'?ilb(ilty to

fectlon W|thT or |nd|V|duaIs already i fected |th HIV AI S, H V malaria and. AIDS - malarla es ectlve

eto suppresse Icailfmmune system w| ?1 X f} W P J a1 Kgan eP J P l::n
Malaria and TB does not lead to the depletlon of the CD4* ceII counts, however their assouatlon with HIV/AIDS
leads to a significant reduction in the CD4* cell counts within an individual leading to faster progression to AIDS.
Combining all the aforementioned assumptions and definitions, the model for the transmission dynamics of
HIV/AIDS, TB and malaria is given by the following system of differential equations.

2.2 THE MODEL EQUATIONS

%1(—1) = Ay +rmly(t) + redr(t) = AanSu(t) (2.2.1)
=AmhSu(t) = AnSu(t) = dp,Su(t)
(U;‘ilf(t) = AnnSu(t) + relagr(t) = riIps () = ep AanTas (£)
=AnIn(t) = dpIps(t) = dp Ipg(2).
d]:{(t) = AanSu(t) + rodunm(t) + redyr(t) = (1 — a)ply(t)
—ey AmnTu(t) = g Aen I (t) = dulp(t) + ala(t).
d];t(f) (1= a)plu(t) + rodan(t) + redar(t) = € Amnla(t)
—ebAnla(t) = doda(t) = dnla(t) — ala(t)
.dl;’i'f(’) = AaSu(t) + radur(t) — €AarTr(t) = Amalr(t)
—d, I (t) = dIr(t) = v 7 (1)
(”A(li—l;(t) = enNandu(t) + epAanlng(t) + relyner(t) = rdune(t) = €hn A (t) +
alqn(t) = dpdype(t) = (1 = @)Baplypg(t) — dplpa(t)
% = (1 =a)boplur(t) + eg Amnla(t) = rmLane(t) = dpdans(t) = alan(t)
+relanr(t) = .,,,,/\x] ar(t) = dulang(t) = daane(t) = damIane(t).
(”+;(t) = Anda(t) + AnIr(t) = rndagr(t) = ey AanIner(t) = vedagr(t)

= Ingr(t) = duIngr(t) = dedpgr(t) = dune Iner
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dI};If'(t) = efdanlr(t) + rmlynr(t) + e Al (t) = egAmnlur(t) = (1 = a)b1plyr(t)
—d,Iyr(t) = dlyr(t) = relyr(t) + alyr(t)
dlji—lt(t) = €A da(t) + Tl anr(t) + (1 = )0y plyr(t) — alar(t)
—enAmhIar(t) = dpla(t) = dolar(t) = dedar(t) = redar(t) = dalar
(”H;—T(r) = el Amlur(t) + € AnTuar(t) + €2 AanIaer(t) + alaner(t)
—TmIumr(t) = dmlynr(t) = dodlysr(t)
—(1 = a)lsplunr(t) = didynr(t) = redunr(t) = dmelunr
(H%ltl(t) = enAmnlar(t) + e Amlan(t) + (1 — a)bspluner(t)
=Tl anr(t) = dpLaner(t) = dalaner(t) — @l gper(t)
—dpLaper(t) = didaner(t) = redaner(t) = damel aner
D = Ay = AeSu(0) = S 1)
A = S (t) = Ty (0)

2.3 POSITIVITY AND BOUNDEDNESS OF SOLUTIONS
The model system 2.2.1 describes living populations therefore the associated state variables are non-negative for all
time t > 0. The solutions of this model with positive initial data therefore remain positive for all time t > 0.

Lemma 2.1. Let the initial data set be {(Sy(0), Sy (0) > 0), (134(0), I4(0), 14(0),

IT(O), Ty (0). Tan (0) IMT(O). IHT(O). ]_.g'r(()). IHMT(O)‘ IA.’\!’I'((’)- 1\"(0))} eV,
Then the solution set {(SH. Sv.Ing Iy Ia, Ir Tyne Tang, Ingrs Tur Lar. Tuner,
Laaers Iy }(t) is positive for all time t > 0.

Proof. Consider the first equation of 2.2.1 at time t
dSy
dt

then

Ay + vy + redr = XS = A S = MnSu — d,Su

d;:;l” 2 —(/\ah + Amh + /\Ul + dn)SH

f dSy > —f(Aah + Amh + Alh + d")d(t)

Su

Su(t) > Sp(0)ePantrmatdantda)d(®) > ()

From the second equation of 2.2.1 at time t

dlu

B = AmhSu + redrag = rndag — €5 ManIng = Mendag = dpdyg — dipl g

then
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LA > —(rm + € Xan + Atn + dn + di) Ins.
din

> _f(rm T 6‘rln’\ah + Ath + dn + dm)dt'

Iy

Ing(t) > Iy (0)e= Jrmtenrantrntdntdm)dt > ()

We can proceed in a similar manner and show that all the state variables are positive for all time t.

Lemma 2.2. The solutions of the model 2.2.1 are uniformly bounded in a
proper subset ¥ = Wy x Uy,

Proof. Let {(Su. Ine, I Ia. Ir Tune, Lase. Inars I, Lar, Iuser. Laner }(t) € R22,

be any solution with non-negative initial conditions. The rate of change of the total human population
with time is given by:

‘-‘% = Ay = d Ny = (Ing + Tyag(t) + Lang + Ingr + Tyngr + Langr)dom -

(It + Iver + Ty + Iar + Tunr + Tanr)de = (Ta + Tang + Tar + Layr)da
—damIant = dpt(Tngr + Insar) — datLar — damed At

The model system 2.2.1 has a varying human population size ‘% # 0 and
A

therefore a trivial equilibrium is not feasible. Whenever Ny > ‘jf—, then
% < (). Since % is bounded by Ay —d,, Ny, a standard comparison theorem

by (Birkoff and Rota, 1989) shows that 0 < Ny (t) < Ny(0)e™™ +"‘\i—"“(1—e_‘i"),
where Ny (0) represents the value of Ny(t) evaluated at the initial values of the
respective variables. Thus as t — oo, we have, 0 < Ng(t) < %f-. In particular,
Ny(t) < 4%, if No < 3%, This shows that Ny is bounded and all the feasible
solutions of the human only component of model 2.2.1 starting in the region
W, approach, enter or stay in the region, where:

Uy = {(Su, Ing. T Lo, I, Do Dngas Iy dgr Ira D Tnaar) - N(E) < %f‘}

Similarly let {(Sy. Iy }(f) € R2, be any solution with non-negative initial
conditions. The rate of change of the total vector population with time is
given by:
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%"— = Ay = (Sv(t) = Iv(t))d,. ‘%”— # 0 and therefore a trivial equilibrinm
is not feasible. Whenever Ny > %:— then ‘%;L < (). Since ‘%‘4 is bounded by
Ay —d, Ny, a standard comparison theorem by Birkoff and Rota (1989). shows
that 0 < Ny (¢) < Ny(0)e % + "%(1 —¢~%), where Ny (0) represents the value
of Ny (t) evaluated at the initial values of the respective variables. Thus as
t =00, 0 < Ny(t) < %.L In particular, N(t) < %t— if Np < %3— This shows
that Ny is bounded and all the feasible solutions of the vector only component
of model 2.2.1 starting in the region Wy approach. enter or stay in the region,
where: ¥y, = {(Sy,Iy): Ny < ;—:} 0.

2.4. LOCAL STABILITY OF THE DISEASE FREE EQUILIBRIUM

In the absence of infection by all the diseases, the model 2.2.1, has a steady-state solution called the disease-free
equilibrium (DFE) given by

& = (Sws Ings I Ly Iy Ingwrs Ing s Inrs Inrs It as Ipmrs Ingars S, Iy ) =
(32,0,0,0,0,0,0,0,0,0,0,0,3%,0).

Define F; as the rate of appearance of new infections in the class or compartmentiand Vi=(V;—V?), whereV;
is the rate of transfer of individuals out of compartment i, and V;* is the rate of transfer of individuals into
compartment i by all other means. Therefore: The Jacobian of F;and V; at the disease-free equilibrium denoted by F
and V respectively is given by:

( 0 0 0 0 0 0 0 0o 0 0 0 a1fm
0 a 0 0 a 0 0 aq 0 0 0 0
0 0o 0 0 0 0 0 0 0 0 0 0
0 0 0 BECQ 0 0 ﬁﬁ:g .SECQ ,‘5’;!‘.‘2 'Btﬂg .ﬁtCQ 0
0 0 0 0 0 0 0 0 0 0 0 0
Fe 0 0 0 0 0 0 0 0 0 0 0 0
0 0o 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
kﬂlﬁv 0 0 0 a1y eaffy a1 0 0 aiffy a1y 0

where: a3 = 3,(1—48)ey
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[wy 0 0 0 0 0 -, 0O 0 0 0 0
0 w —a 0 —-ryp 0 0 —-r 0 0 0 0
0 z w3 0 0 —rn, 0O 0 -1, 0 0 0
0 0 0 ug 0 O -r, 0O 0O 0 0 O
0 0 0 0 wuw —a 0 0 0 —-rr 0 0

V= o o 0 0 o Ug 0 0 0 0 —ry 0
0o 0 0 0 0 0O w 0 0 0 0 0
00 0 0 0 0 0 u —a -r, 0 0
00 0 0 0 0 0 z uw 0 —ry 0
00 0 0 0 0 0 0 0 wgy -a 0
00 0 0 0 0 0 0 0 'z uy 0
\0 0 0 0 0o O O 0 0 0 0 d)

where z1 = —(1—a)p, 22 = —(1—a)bp, z3 =—(1—a)bip, z4a = —(1—a)bzp,. u1 =
™m + dn + dm, u2 = (l—a)P+dns uz3 = a+da+dn, us =dp+di +11, us =
m+dm+ (1 — 0)02P+dn, ug =rm +dm +a+dn+da +dam-, Uy =Tm+ri+dm+
dn+dt +dme, us = (1 —a)bhp+dn+di+1¢, ug=a+dn+dat +de + 11, ur0 =
'm+dm+dn+ (1 —0)93])—}-(11 + 7Tt +dmt, Ul = rm+dm+do+a+dy+di+ri+damt
The basic reproduction number Ry = Ry 7 is the maximum value of the spectral
radius of the matrix FV ™! and is given by Ry = max{Rys, Ry, Rr}. Where:

2 I

A1\ Pm Py
Ry = 2.4.1
M= Vand, T dod, + ot 41
5:02
Rp= —m 2.4.2
3 dn + dt + Tt ( )
61(1—5)(0+da+d,1)[30 (243)

RH - (adn + dadn + d;. + dap - adap + dnp - adnp)
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2.5. PARAMETER VALUES FOR THE HIV/AIDS, TB AND MALARIA MODEL

| Symbol | Parameter | Value (day™1) [ Source |
Ay Recruitment rate of humans 4.38356 x 10* | Kenya demographics
profile (2014)
d, Natural death rate of humans 4.56630 x 10~ | Kenya demographics
profile (2014)
da HIV/AIDS-induced death rate 1.09589 x 10™* | WHO report (2014)
p Progresion rate from HIV
to AIDS (untreated) 2.73972 x 10~3 | Baryama, F. and
Mugisha, T. (2007)
o Proportion of the HIV/AIDS
victims treated 1.64384 x 1072 | Kenya NACC
report (2014)
Ba Transmission probability
of HIV/AIDS 0.019 Baryama, F. and
Mugisha, T. (2007)
c1 Per capita number of sexual
contacts 2.46575 x 10~2 | Kenya NACC
report (2014)
) Effectiveness of counseling Variable
o Proportion of malaria
victims treated 1.86301 x 102 | WHO report (2013)
dm Death rate due to malaria 0.000345 Chitnis et al (2006)
aq Mosquito biting rate 0.125 Lawi et al (2011)
Bm Transmission probability of
malaria in humans 0.8333 Lawi et al (2011)
By Transmission probability of
malaria in vectors (0-1) Chiyaka and
Dube (2007)
ent Increased susceptibility to malaria
due to AIDS and TB co infections | 10 Estimated
el Reduced susceptibility to malaria
due to reduced sexual activity 0.005 Estimated
Ay Recruitment rate of vectors 6 Chiyaka and
Dube (2007)
d, Death rate of mosquitoes 0.1429 Lawi et al (2011)
61 Increased Progresion rate from
HIV to AIDS due to TB 1.5 Estimated
0y Increased Progresion rate from
HIV to AIDS due to malaria 2 Estimated
05 Progresion rate from HIV to
AIDS due to TB and malaria 3 Estimated
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Symbol | Parameter Value (day=!) | Source
disn Death rate due to AIDS and
malaria 0.0005175 Baryama, F. and
Mugisha, T. (2007)
dat Death rate due to AIDS and
tuberculosis 0.0016438356 | WHO report (2013)
By Transmission probability
HIV of TB in humans 0.027 Juan and Castillo
(2009)
ca contact rate of susceptible
humans with TB infectives 15 Juan and Castillo
(2009)
Tt Proportion of TB
victims treated 0.6 WHO report (2013)
damt Death rate due to AIDS,
malaria and TB 0.00069 Estimated
é Increased susceptibility to TB
due to AIDS infection 2.0 Estimated
e’ Increased susceptibility to
malaria due to HIV 6 Oluwaseun et al
(2008)

Lemma 2.3. The DFE of the HIV/AIDS,TB and malaria model is locally asymp-

totically stable (LAS) if Ryayr < 1, and unstable otherwise.

Lemma 2.3 is illustrated numerically in figure 1 using Ry = 0.51, Ry = 0.69 and
Ry = 0.50.
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2.6 SENSITIVITY ANALYSIS OF TREATMENT AND COUNSELING
To investigate the potential impact of counseling and treatment on disease progression, sensitivity analysis of the
repro duction numb ers with resp ect to counseling and treatment is carried out. The sensitivity index of Ry with

respect to ¢ is given by:

)
o, A
H 1—90

The negative sign in equation 2.5.1 indicates that there is an expected decline in the rate of new HIVV/AIDS

infections when counseling is scaled up. Similarly, The sensitivity index of R H with respect to « is given by:
' Bac1A2A3(1-6) , Bac1(1-9)

(1441 { e .4% + A; }

Bacy "12(1 - (S)

(2.5.1)

o

H=

Ay =ad, +d,d, + d?, +dup — ad,p+ d,p — ad,p

Ay=a+d, +d,

Az =d, —d,p—d,p
Numerical simulations shows that the sensitivity index of Ry with respect to treatment is positive indicating that an
increase in the proportions of those treated leads to an increase in new HIV cases as shown in figure 2.
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Figure 2

The sensitivity index of Ry, with respect to r,, is given by

: d,r _
Rl‘,[" S vim (2)3)
) Q(dmdl' + dndy + dl"‘”l)
Similarly, the sensitivity index of Ry with respect to r; is given by
3 Tt S
RT = (2.5.4)

_(111 +di + 1t

The negative sign in equations 2.5.3 and 2.5.4 indicates that there is an exp ected decline in the rate of new malaria
and TB cases when treatment is scaled up. Numerical simulations using the parameter values in table 2.4.1 shows

that the sensitivity index of Ry, Rw and Ry with respect to treatment and counseling yields Rr} =-0.950226, R%,
=0.420516, R'™=-0.413328 and R® = -2.3333 respectively. Assuming that Ryt = max {Ru, Rr, Ru} = Ry,
M H
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then counseling for the HIVV/AIDS individuals is the most sensitive parameter for the control of HIV/AIDS,
TB and malaria co infections.

3. CONCLUSION

In summery The local stability of the disease free equilibrium was investigated by Theorem 2 by Van, P. and
Watmough, J. (2002). The theorem showed that the HIVV/AIDS, TB and malaria co infection model have a disease
free equilibrium point which is locally asymptotically stable whenever the reproduction number is less than unity.
The sensitivity indices of the reproduction numbers Ry, Rum, Rur and Ruwr with respect to counseling for the
HIV/AIDS individuals yields a negative sign indicating that there is an expected decline in the rate of new infections
and co infections when counseling is scaled up. Similarly, the sensitivity indices of the malaria reproduction number
(Rm) and the TB reproduction number Rt with respect to malaria and TB treatment yields a negative sign also
indicating that there is an expected decline in the rate of new malaria and TB infections when treatment is scaled up.
Numerical simulations of the sensitivity index of Ry with respect to ARV treatment yielded a positive gradient
indicating that an increase in the proportions of those treated leads to an increase in new HIV cases
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