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INSTRUCTIONS:
e Answer question one and any other TWO questions

¢ Do not write on the question paper

QUESTION ONE: (30 MARKS)

(a) Distinguish the following terms as used in topology

(i) An indiscrete topology and Sierpinski topology

(i) A base for the topology T and a local basis at the point p

(i) A Tiand T, space

(iv) A regular space and a normal space (8marks)
(b) (i) Let X ={a, b,c,d, e}. Determine whether or not the class

Ty = {{a, b,c},{a,b,c,d},{a b,d}, X, (D}of subsets of X is a topology on X.
(2marks)

(ii) Let t be a topology on a set X consisting of four sets i.e. T = {X, 9, A4, B}.
What conditions must A and B satisfy? (2marks)

(c) Prove that if 4 is a subset of a discrete topology, then set of its derived
points A is empty (4marks)

(d) Consider the following topology on X = {a, b,c,d,e} and
v = {{a},{a, b}, {a,c,d},{a,b,e},{a,b,c,d}, X, 8}.

Given the sets A = {a}, B = {b}, C = {c, e}, which ones are dense in X?
(émarks)
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(e) Let X ={a,b,c,d} withty = {{a, b}, {a},{b}, X, Q)} and LetY ={x,vy,zt} with

7y = {{x},{y},{x,¥},Y, 0}.Define the function f as

Show that the function f is a homomorphism. (4marks)
(f) Let f:X — Y be a constant function. Prove that then f is continuous relative to Tyand

Ty. (4marks)

QUESTION TWO: (20 MARKS)

(@) Prove that a topological space X is a T; space iff every singleton subset
{p} c X is closed. (Smarks)

(b) Let A be a subset of a topological space(X, ). Prove that 74 is a topology on 4,
where 7, ={ANG:G € 1} (émarks)

(c) Let p € X and denote Np the set of all neighborhood of a point p. Prove that
(i) Np #@V N €Np, pEN
(i) V pairs N M € Np, NN M € Np
(iii) If N € Np and for every M c X with N c M it implies that M € Np

(5marks)

(d) Let f:xq; = x;wherex; = x, = {0,1} and are such that (x;, D)and (x;,$) be
defined by f(1) =1 andf(0) = 0. Show that f is continuous whereas f~! is
not. (4marks)

QUESTION THREE: (20 MARKS)

(a) Consider the following topology on X = {a,b,c,d,e} and

T= {{a}, {a,b},{a,c,d},{a,b,c,d},{a b, e}, X, (D}. If A={a,b,c}. Find

(i) The exterior of A (B3marks)
(ii) The boundary of 4 (2marks)
(iii) Hence show that the boundary of A, SA=ANX/A (B3marks)

(b) Let A c X, where X is a non-empty topological space. Prove thatd = §4 U A°

(7marks)
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(c) If 6 is a subbasis for the topologies 7 and t*on X, show that t = t*
(Smarks)

QUESTION FOUR: (20 MARKS)

(@) (i) Let f:X = Y be any function and (Y, 1y)an indiscrete topological space.
Show that f is continuous (2marks)

(ii) Let f:X - Y and g:Y — Z be continuous functions. Prove that the
composite function g o f is continuous (Smarks)
(b) Let f: X = Y be a bijective. Prove that the following statements are equivalent.
(i) f is a homomorphism
(ii) f is open
(iii) f is closed

(iv) f(A) = f(4) (13marks)

QUESTION FIVE: (20 MARKS)

(@) Using an appropriate counter examples show that a T,space = T;space and
T; space = Tyspace but a T, space # T; and a T; space # T.
(8marks)

(b) Prove that a topological space X is a T; space iff every singleton subset{p} c X
is closed. (6marks)

(c) Let P: X - Y be an open map and let S € Y be any subset of Y and A is a
closed set in X such that P~1(S) c A. Show that § ¢ B and P~1(B) c A.
(6marks)
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