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INSTRUCTIONS: 

 Answer question ONE and TWO other questions  

 

QUESTION ONE: (30 MARKS)  

a) Prove that a sigma algebra is closed under countable intersections.     (4 mks) 

b) Prove the following properties of  an outer measure *  

i. 0)(*           (2 mks) 

ii. 0})({* x          (2 mks) 

iii. If BA  and A is measurable of finite measure, then )(*)(*)(* ABAB    

          (4 mks) 

c) Let (𝑋, 𝑥, 𝜇) be a measure space and 𝐴𝜖𝑥, define𝜏(𝐸) = 𝜇(𝐸 ∩  𝐴) for every 𝐸𝜖𝑥. Show that 𝜏 is a 

measure. 

            (4mks) 

d) Prove  that if  0)(* A , then  )(*)(* BBA         (3 mks) 

 

e) Define a simple function. Hence find the integral of the simple function defined by 
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Where C is the cantor set         (3mks) 

f) Let f and g be non-negative extended real valued measurable functions  both defined on sets E and F 

such that FE  , both measurable sets, show that 

i.  
EE

gdfd    if gf         (3mks) 



ii.  
FE

fdfd           (3 mks) 

          

QUESTION TWO: (20 MARKS)                                                      

a) Given that the sets A and B are Lebesgue measurable sets, prove that  

i. BA is Lebesgue  measurable 

ii. BA is Lebesgue  measurable                                                                                   (6 mks) 

b) Let  X be a non empty set and {𝔵 𝑖} be a collection of sigma algebras of subsets of X. prove that 

 ∩ 𝔵 𝑖 is a sigma algebra         (7 mks) 

c) Let X=ℝ, define ℬ={𝐵 ⊆ ℝ: 𝐵 𝑖𝑠 𝑐𝑜𝑢𝑛𝑡𝑎𝑏𝑙𝑒 𝑜𝑟 ℝ − 𝐵 𝑖𝑠 𝑐𝑜𝑢𝑛𝑡𝑎𝑏𝑙𝑒}. Prove that ℬ is a sigma 

algebra           (7 mks) 

QUESTION THREE: (20 MARKS) 

a) Let  (𝑋, 𝔵) be a measurable space and 𝑓: X → ℝ∗ be a given function. Show that the following 

statements are equivalent 

 

 

i. {𝑥 ∈ 𝑋: 𝑓(𝑥) ≥ 𝑎} = 𝑓−1[𝑎, ∞] ∈ 𝔵 for all 𝑎 ∈ ℝ∗ 

 

ii. {𝑥 ∈ 𝑋: 𝑓(𝑥) < 𝑎} = 𝑓−1[−∞, 𝑎) ∈ 𝔵 for all 𝑎 ∈ ℝ∗ 

 

iii. {𝑥 ∈ 𝑋: 𝑓(𝑥) ≤ 𝑎} = 𝑓−1[−∞, 𝑎] ∈ 𝔵 for all 𝑎 ∈ ℝ∗ 

iv. {𝑥 ∈ 𝑋: 𝑓(𝑥) > 𝑎} = 𝑓−1(𝑎, ∞] ∈ 𝔵 for all 𝑎 ∈ ℝ∗      (8 mks) 

  

c) Let  (𝑋, 𝔵) be a measurable space and 𝑓: X → ℝ∗ be  𝔵  measurable. The prove that  

     

(i)𝑓2 = 𝑓2(𝑥)  ∀𝑥 ∈ 𝑋 is also 𝔵  measurable.  

(ii) |𝑓| = |𝑓(𝑥)|  ∀𝑥 ∈ 𝑋  is also 𝔵  measurable    

Using an appropriate counter example show that the converse of (i) is not necessarily true 

                                                                 (8 mks) 

d) Suppose f and g are extended real valued functions defined on a measurable set E. 

Show that if  f is Lebesgue measurable on E, and g=f measure almost everywhere , then g is Lebesgue 

measurable 

                    (6 mks) 

 

QUESTION FOUR: (20 MARKS) 

a) State without prove the monotone convergence theorem (M.C.T)    (2 mks) 

b)  (i)Explain  a uniform convergence sequence of functions     (2 mks)  

(ii) Show that M.C.T does not apply in the sequence 
],0[

1
)( nn

n
xf   for Nn . Explain your 

answer.           (4 mks) 

(iii) Verify whether or not Fatous lemma applies for (ii) above    (2 mks) 

c) Show that the set of measurable sets form a sigma algebra      (10 mks) 



 

QUESTION FIVE: (20 MARKS) 

a) Show that the collection of open intervals  in ℝ do not form a sigma algebra  (2 mks) 

b)  (i) By using the properties of outer measure, show that the unit interval [0,1] is not countable.   

(2mks) 

(ii) Prove or disapprove that every set that has outer measure zero is countable  (2 mks) 

(iii) Let A be the set of irrational numbers in the unit interval. Prove that 1)(* A  (3 mks) 

c) Define a Lebesgue non-measurable set. Prove that if  𝐸 is non-Lebesque measurable subset of ℝ, 

then there exists a subset 𝐴of 𝐸such that 0 < ℳ∗[𝐴] < ∞    (5 mks) 

d) Define a ‘’totally unlucky number’’ to be a number  that does not have the digit 7 in its decimal 

expansion. Calculate the measure of all such numbers in the unit interval [0,1]    (6 mks) 

 


