ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/340338238

Correlation Between Electromagnetic Wave Equation And Einstein Theory Of
Relativity In Derivation Of Schrodinger Equation And Hilbert Space Operators

Article - March 2020

DOI: 10.6084/m9.figshare.12057987

CITATIONS

0
3 authors:
E3 Elizabeth Mbatha
f Chuka University College
1 PUBLICATION 0 CITATIONS

SEE PROFILE

\  Paul Kamweru
Chuka University College
53 PUBLICATIONS 171 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

roject  Ultraviolet-Irradiated Mushrooms View project

roject  Ferrites View project

All content following this page was uploaded by Paul Kamweru on 01 April 2020.

The user has requested enhancement of the downloaded file.

READS
402

Musundi Sammy Wabomba
| Chuka University College
32 PUBLICATIONS 78 CITATIONS

SEE PROFILE


https://www.researchgate.net/publication/340338238_Correlation_Between_Electromagnetic_Wave_Equation_And_Einstein_Theory_Of_Relativity_In_Derivation_Of_Schrodinger_Equation_And_Hilbert_Space_Operators?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/340338238_Correlation_Between_Electromagnetic_Wave_Equation_And_Einstein_Theory_Of_Relativity_In_Derivation_Of_Schrodinger_Equation_And_Hilbert_Space_Operators?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Ultraviolet-Irradiated-Mushrooms?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Ferrites-10?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Elizabeth-Mbatha?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Elizabeth-Mbatha?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Chuka_University_College?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Elizabeth-Mbatha?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Musundi-Wabomba?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Musundi-Wabomba?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Chuka_University_College?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Musundi-Wabomba?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Paul-Kamweru?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Paul-Kamweru?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Chuka_University_College?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Paul-Kamweru?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Paul-Kamweru?enrichId=rgreq-804bee21993929aa9d9a7638903dbf9e-XXX&enrichSource=Y292ZXJQYWdlOzM0MDMzODIzODtBUzo4NzU0MjI0NjgyODg1MTlAMTU4NTcyODM4OTQyMg%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Journal of Multidisciplinary Engineering Science Studies (JMESS)
ISSN: 2458-925X
Vol. 6 Issue 3, March - 2020

Correlation Between Electromagnetic Wave
Equation And Einstein Theory Of Relativity In
Derivation Of Schrodinger Equation And Hilbert
Space Operators

Mbatha M. Elizabeth
Deparment of Physical Science, Chuka University,
Kenya
Izbthmueni646@gmail.com

Musundi W. Sammy
Deparment of Physical Science, Chuka University,
Kenya
sammusundi@yahoo.com/swmusundi@chuka.ac.ke

Kamweru K. Paul
Deparment of Physical Science, Chuka University, Kenya
pkamweru@gmail.com

Abstract — Operators in Hilbert space have
properties which are useful in the study of
mathematical abstract areas such as
approximation theory, Banach Fixed point theory,
the spectral theory as well as Quantum
Mechanics. Schrddinger equation is a
fundamental entity with many applications in
Quantum Mechanics. This equation was initially
derived by applying the knowledge of
electromagnetic wave function and Einstein
theory of relativity. Later, it was derived by
applying the knowledge of Newtonian mechanics.
It was also derived by extending the wave
equation for classical fields to photons and
simplified using approximations consistent with
generalized non-zero rest mass. However, from
the existing literature no study has been done on
deriving Schrédinger equation using properties of
Hilbert space operators. In this study, Hilbert
space operators that include unitary operators,
self adjoint operators and compact operators,
norms of linear operators, Hilbert Schmidt
operator, normal

operators together with

Lebesque Integral, Neumann Integral and
spectrum are used in place of the existing
concepts of electromagnetic wave function,

Einstein theory of relativity and approximation

consistent with generalized non zero mass to
derive the Schroédinger equation. The derivation of
Schrddinger equation and its application using
Hilbert space operators enhances a better
understanding of the concept of Schrdédinger
equation. The results of this work can further find
use in quantum mechanics as well as in

mathematical operator theory.

Keywords— Hilbert Space Operators;
Electromagnetic wave function; Einstein theory of
relativity and Schrodinger equation;

I.  INTRODUCTION

Schrddinger equation was first derived by Schrddinger
in 1926. In his work he used the knowledge of

electromagnetic prototype of wave equation
2
(w?Vv? — %)E and Einstein theory of relativity

(E = mc?) [20]. The purpose of his study was to find
the wave function of the electron. [11] used Newtonian
mechanics to derive Schrédinger equation. In his work
he used the hypothesis that any particle of mass m

constantly undergoes Brownian motion with diffusion
co-efficient % [20] derived Schrodinger equation by
extending the wave equation for classical fields to

photons and generalized to non-zero rest mass
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particles using approximations consistent with non-

relativistic particles.

Hilbert space gives a means by which one can
consider functions as points belonging to an infinite
dimensional space. In [10], the states of quantum
systems are identified by unit vectors in an infinite
dimensional complex Hilbert space and observables
such as position, momentum and energy are realized
as self-adjoint linear operators acting on the space.
Consequently, [10] showed the relationship between
the needs of physics and the mathematics of

operators in Hilbert spaces.

According to [15], the concept of Hilbert spaces was
first introduced by David Hilbert between 1862- 1943.
These Hilbert spaces are complete inner product
spaces.
If T is an operator on Hilbert space H then:

i. T isnormal if TT* = T*T.

ii. T is self-adjoint (or Hermitian) if T = T*.

iii. T is positive if (Tx,x) = 0forall x € H.

iv. T is unitary if TT* =T"T = 1.

As per [7], for an operator T € B(H) on Hilbert space,
and by Reisz Representation theorem, there exists a
unique vector z =z, € H so that (y, Tx) = (z,,x) for
allx € 7. The map T*:H - H is defined as T"y = z,,.
By construction

(T*y,x) =(y,Tx) Vx,y € H , the condition uniquely
determines T*y for y e H . Thus T* is an adjoint

operator of T.

If two elements of the set M are pairwise orthogonal
vectors, each of the vector is normalized and each
has a norm equal to one, then the set M is called

orthonormal [1].

The definition of Riemann’s integral is adopted from
[10]. Let f be defined on [a,b], then f is said to be

Riemann integrable on [a,b] if there is a number L

with the following property. For every & > 0 there
exists ad > 0 such that |c — L| < €. If ¢ is Riemann’s
sum of f over partition P of [a, b] such that ||P]| < 6.

Then L is Riemann’s integral of f over

[ f()dx = L. (1.1)
Suppose H is a separable Hilbert space and T €
(B)H. According to [2], T is a Hilbert- Schmidt
operator if there exist an operator basis
{endn: Zn=illTenll? < oo. 1.2)

Vectors which have complex components are
symbolized by |a) and they can also be obtained by
linear combination of a set of basis vectors i.e.

la) = ¢1 |x1) + C2]%3) oo oo = (x + Q™ = T ;) (1.3)

Based on the properties of Hilbert space operators
studied above, an alternative approach in the
formulation of the Schrodinger equation is of great

importance.

II.  RELATED LITERATURE REVIEW

2.1 Derivation of Electromagnetic Wave Function
Electromagnetic wave equation is derived from

Maxwell equations, that is, as shown from equations
(2.1a) — (2.1d) [5].

V.E = 0 (Gauss’ law of electricity) ~ (2.1a)

V.E =0 (Gauss law of magnetism)

(2.1b)

vxE = — 2(Faraday’s law induction) (2.1c)

VxB = ,uoeo‘;—f (Ampere’s’ law) (2.1d)

Taking the curl for E field propagated along the x

direction, by [19] we obtain,

7 j k
= ~_|o a a 9E 7
VXE(x,t)] = % % % =—k(22)
0 E(x,t) O

Taking the curl of Faraday’s law and substituting
Ampere’s law for a charge and current free region,
[19] obtained

1 9%
c2 ot?

VXVXE=— (2.3)
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[19] represented three dimensions wave equation, as

shown below

0’Ex | 0°Ey | 0°Ex _ 1 0°E 2
ox? ay? 022 o ( '4)

Remark 2.1.1

The derived electromagnetic wave equation in this
literature will be essential in establishment of the
correlation between Hilbert space operators and
Electromagnetic wave equation. This then will be later

used in the derivation of the Schrédinger equation.

2.2 The Einstein Theory of Relativity

Einstein relativistic expressions can be derived
starting from the relativity principle and the classical

Lorentz's law (Hamdan et al., 2007) as shown below

F=q(E+ 3 xB) (2.5)
where,
g-charged particle

v-velocity of the particle
E-electric field and

B-magnetic field flux density.

The Cartesian components of equation are given by

F, = q(E, +v,,B, — v,,B)) (@)
(2.6)

F, = q(E, + v, By — vy, B,) (b)
F, = q(E, + vy, B, — v, B,) (c)

Applying relativity principles on equations (2.6) we

obtain
Fy=q(Ex+vy,B,—v,B) (a)
2.7)
F,=q(E,+v,B,—v,B,) (b)
F,=q(E,+vBy—v,BY) (c)

According to [8], the relativity principles are

represented by equations (2.8a)-(2.8c).where scalar

factor y is fixed by applying the relativity principle

_ 1
Yy = ~
1-=
C
s __ Ux—Uu
Vyx= P (@
(2.8)
;o Vy
Vy= ) (b)
ro_ Vz
v z y(l—u:zx) (C)

In classical physics, a particle with rest mass m, with

velocity v has a momentum of p = m,v and a kinetic

energy of T = %movz and in relativistic physics,

mgyv
1Y
CZ

p? = y(miou?) = mv? (2.8)

The root for the first term presented is
&£ =mc? /1 - z—: = ymyc® = mc? (2.9)

Equation (2.9) is the relativistic energy E, telling us
that the change of mass of a particle is accompanied
by change in its energy and vice versa.

Using the above classical Cartesian components of
Lorentz's law, relativistic velocities, classical
momentum and kinetic energy show above, Hamdan
et al., (2007) derived relativistic energy as shown
below.

g2 = c*p* + m?yc* (2.10)

Remark 2.2.1
This relativistic energy derived from the literature will
be useful in the derivation of Schrédinger equation

using Hilbert space operators.
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2.3 Derivation of Schrédinger Equation

[20] dealt with the derivation of Schrédinger equation.
In their work they used electromagnetic wave
equation and Einstein’s theory of relativity knowledge.
They applied the same approach as that used by
Schrédinger. However, [20] extended the wave
equation for classical fields to photons and
generalized to non-zero rest mass particles and using
non-relativistic

approximations  consistent  with

particles. [20] considered the one dimension equation:
0%E _ 1 9%E
Pl by (2.11)
This satisfies,
E(t,x) = Ejel(kx-») (2.12)
where k = 27” and w = 2mv are spatial and temporal

frequancies respectively. Substituting equation (2.11)
in (2.12) he obtained

9? 1 92 i(x—

o~ 2y Eoe e = 0 (2.13)
On solving the wave vector, the dispersion relation for
light in free space is k== where ¢ is a wave

propagation speed. In this case speed of light is in
vacuum. From Einstein and Compton, the energy of
photon is € = hv = Aw and the momentum of photon
is

p=7=hk. (2.14)
Therefore equation (2.12) becomes

E(x,t) = Eyeh®*—e0 (2.15)
And on substituting equation (2.15) in equation (2.13)
[8] obtained

2 i
— 2 (p? +%) Eoer® ) =0 (2.16)
where, €2 = p?c2.
Since [20] were dealing with electric field, they

replaced E with ¥, the wave function. Therefore,
2 i

(2.17)

For relativistic total energy, €2 = p*c* + m*c* i.e.

e=mc* |1+ pzzz (2.18)
m-c
Expanding binomially, we get
2
=~ mc? + micz =mc? + T (2.19)

where T is the classical kinetic energy.
Thus equation ¥(x, t) = W,iP* Y becomes

Y(x,t) =¥, = e%(px_mczt_Tt)

i

) i
= ¢TIty rPxTO) (2.20)
i
Now if we let W,er®* 1 = @, then

W(x, t) = er™* (2.21)
Carrying out the second derivative with respect to t on
equation (2.21) Ward & Volmer (2006) obtained

8 2¢4 L2 2i _hne?t 0 L
_y (_mhzc e hmc tq)_zlmcze hmc t; +e hmc th

(2.22)
The first term in brackets is large and the last term is
small. Keeping the large term and discarding the small
one, using this approximation in the Klein-Gordon

equation

2 2.4
S

2or =0
(2.23)
[20] arrived at the Schrodinger equation for free

particle
Ly =in2® (2.24)

where @ is a non-relativistic wave function.

Remark 2.3.1

The above derivation of Schrédinger equation using
electromagnetic wave equation and Einstein theory of
relativity, helped in the derivation Schrddinger

equation using Hilbert space operators.

2.4 Application of Hilbert Spaces Operators
In this section, we present several results based on
properties of operators that shall be essential in the

sequel especially in obtaining our main objective:

Theorem 2.4.1: [13].
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LetS,T € B(H),c € C. Then:
T* € B(H)
S+T) =S +T%(cT)" =¢T*
(ST)* =T*S*
T =T
If T is invertible then T* is also invertible and
(T =T
TN = IT*ILNTT*| = IT*T|l = ITI|*. That is, the
(C*) properties.

Theorem 2.4.2: [13].

Let UeB(H) . The following statements are
equivalent:
i. U is unitary

. U is bijective and (Ux,Uy) = (x,y) for every
x,yEH

iii. U surjective and isometric ||Ux|| = [|x]|.

Theorem 2.4.3: [13].

Let P € B(H). Then the following are equivalent:
a) P is aprojection
b) I — P is a projection
c) P?=Pandis self adjoint

d) P%2 =P and P is normal

Proposition 2.4.4: [9].

(The polarization identity). Let S be a sesquiliear form
and let g(x) =S(x,x) then S(x,y) = %[q(x +y)—

q(x —y) +iq(x —iy) — iq(x + iy)].

Theorem 2.4.5: (Projection). [13].

Let M be a closed linear subspace of Hilbert space H.
Then every a € H can be uniquely written as a = a; +
a, with a; € M and a, € M+ and % = M@®M* where

M1 is the orthogonal complement of M.

Theorem 2.4.6: [16].

Let M be a closed subspace of H. Let {¢;:i € I} be
any orthonormal bais for M and let {e;:j € J}be any
orthonormal set such that {e;:1 UJ} is orthonormal

basis for 7. Then the index I and J are disjoint then

the following conditions on vector x € H are
equivalent
xly VyeM

x = Yjes X, {x, e)e;.

Theorem 2.4.7: [6].

(Parallelogram identity). Let E be a normed space.
Then there is an inner product on E which gives rise to
the norm iff the parallelogram identity
llx + yII% + llx — ylI> = 2[|x[I? + 2llyl|* is satisfied for
allx,y €E.

Theorem 2.4.8: [13].
The product of two normal operators is itself normal if

and only if the operators commute.

Theorem 2.4.9: [6].
If T is self adjoint operator on Hilbert space H then
ITI = sup{Tx, x)|: ||x]| = 1

Remark 2.4.10
For the sake of further reference, the proofs for
theorems (2.4.11), (2.4.12) (2.4.13) are provided.

Theorem 2.4.11: [13].

If T is idempotent self adjoint operator then T is a
projectionof M =x e H:Tx = x

Proof

LetZ e H and writeitas Z=TZ + (Z —-TZ)
T(TZ=TZ)soTZ€M and Z —TZ € M*.

If xeM, then (x,Z—-TZ)=(x,Z) —(x,TZ) = (x,Z) —
(Tx,Z) = 0. [

Theorem 2.4.12: [1].

If P is a nonzero orthogonal projection, then ||P]| = 1
Proof

If x € i and Px = 0, then the use of the Cauchy-

Schwarz inequality implies that
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(Px,Px) (x,P*x) (x,Px)
= = < Il
|| Px|| [1Px]| [1Px]|

[[Px]|<1 . If P+#0, then there is an x € H with
Px # 0 and ||[P(Px)|| = ||Px|| thus ||P] = 1.

IPx]| =

Proposition 2.4.13: [4]

Suppose that T is a bounded linear operator on a
separable Hilbert space H such that there is an
orthonormal  {e,}2o; : X% ||ITe,ll? < o0 for any
orthogonormal basis {f,}o-, sch that Y%, |ITf,.II? =

ToazallTenll”.

Theorem 2.4.14: [3].

(Fixed Point Theorem)

Let (X,d) be a complete metric space and f:X - X
be a map such that d(f(x), f(x,)) < cd(,x,) for some
0<c<1and for all x,x, e X. Then f has a unique
fixed point in X. Moreover, for any x, € X. The
sequence iterates xo, f (xo), f (f (x0)),,,,,, converges to
the fixed point of f(x).

Where d(f(x), f(x)) <cd(x,x,), then f(x) is called

contraction.

Theorem 2.4.15: [12].
If B is any bounded operator and if A is normal and
not necessarily bounded and if BA c AB then
BA* c A*B.
Proof
This proof follows from disjoint the Borel sets of
complex plane given as
Q = K(x)BK(x;) =0

K (ec;) denotes the projection operator with Borel set o
by spectral family K,.
Suppose «; and «, are bounded then

BJ «,ZdK,x = ABK ()x
Applying the operator K (), we obtain

K(<,)BS o, 20K, =

) o, ZdK,BK o, .

If z, and z, are arbitrary numbers in «; and o,
respectively, then the above equation can be written
as
Jo,@ = 2)dK,Q = Qf , (Z - Zy)dK, + (Z, = Z1)Q
Let « denote any Borel set then
K(c)B = K(«)BI = K(«)B(K(x)) + K(x ")

= K (<) BK ()

o« ‘is the compement of oc. Similary,
BK(x) = K()B(K(c))

therefore, K(x)B = BK(x).
This implies that BA* ¢ A*B [ |

Remark 2.4.16

The above properties and theorems of Hilbert space
shall be used in the derivation and study of
applications of the Schrodinger equation using Hilbert

space approach.

I11.  MAIN RESULTS: THE SCHRODINGER
EQUATION AND HILBERT SPACE OPERATORS

3.1.Electromagnetic Wave Theory and
Einstein Theory of Relativity in Correlation
with Operators in Hilbert Space

This section deals with the correlation of Hilbert space
operators with electromagnetic wave equation. The
solutions are obtained from the properties of Hilbert
space operator as well as the existing derivation of
electromagnetic wave equation from the existing
literature in section 2.1.

We have also described the correlation of Einstein
theory of relativity with Hilbert space operators using
the existing literature in section 2.2 and properties of

Hilbert space operators.

3.1.1. Correlation between Hilbert Space
Operators and Electromagnetic Wave
Function Theory

We recall that a Hilbert Space is a complete inner
product space. Dirac invented an alternative for inner
product that leads to bras (.|and kets|.) [14]. That is,
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(x,y) = (x|y)
Bra-kets have the following properties
i. (x|y) = 0 if both x and y are orthogonal
. (x|x) = 0iff x = 0 (null property)
i.  (xlx)=0=x|?

iv. (x|lay + bz) = a(x|y) + b{(x|z).

Properties of dot product are similar to that of inner

product. They include:

i. x.x = |x|?

ii. X.y=y.x

iii. a(b+c)=ab+a.c

iv. ea.b = e(a.b) = a(eb) for e is a scalar

and a, b, ¢ are vectors.

Electromagnetic waves are electric and magnetic
waves that travel perpendicular to each other. By [21],
these waves are orthogonal and can be represented
as ((E, B) = 0). They have Amplitude, Wavelength and
Frequency.
Electromagnetic wave equation is a second order
partial  differential equation which  describes
electromagnetic waves through a medium or a

vacuum. The vector differential operator is given as
V=—t+—f+—k (3.1)

Maxwell  equations describe the world of
electromagnetic, that is, how electric and magnetic
field interact. Applying the properties of Hilbert space

on Maxwell equations, they can be represented as

follows;
(V.E) = 0 (Gauss’ law of electricity)
(3.2a)
(V.B) = 0 (Gauss law of magnetism (3.2b)
VXE = —g (Faraday’s law induction) (3.2¢)
VxB = #050 (Ampere s law) (3.2d)

In this derivation, we used the procedure used by [19]
but applying properties of Hilbert space operators.

For non-conducting media, or in a vacuum, there are
no sources and hence,

p=0,andoc =0

Where p and ¢ are permeability and permittivity of free

space respectively.

Since V and E are both vectors, the Maxwell equation

(3.2a) can be written as;
(V,Ey=0
(3.3

Taking the curl of Faraday's law (equation 3.2c)
becomes,

a(7V xB)

Vx(VxE)=-=5 (3.4)

Considering the left hand side of equation (3.4) we
have

—

Vx (VxE) =(V,(V,E)—(E (V,V)
(3.5)

From property (i) of inner product equation (3.5)
becomes

V x (V x E)=(V,{V,E)) — ((V,V),E) (3.6)

By, the first of Maxwell equation, equation (3.2a) tells
us that (V, E)= 0 in vacuum. Therefore,

V x (V x E) = —(V%E) (3.7)

Considering the right hand side of equation (3.4),
a(V xB)

o , Substituting the Ampere’s law for a charge and

current-free region we have

a(V xB) _ dE 9%E
ot atﬂo 057 = Mooz (3.8)

Hence using equations (3.4) and (3.8) we obtain,

1 0%E

((V,V),E) = T

(3.9)

We find that each component of the electric field
satisfies equation (3.9) which is the derived wave
equation using properties of inner product. The

quantity ¢ is defined as the speed of the wave and

1 1
= —0r = .
Hoo (c,c) ore VHo€o
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3.1.1. Correlation between Hilbert Space
Operators and Einstein Theory of
Relativity

Einstein relativistic expressions can be derived
starting from the relativity principle and the classical
Lorentz's law (Hamdan et al., 2007) as shown in
equation (3.10)

F=qE+ 7 xB) (3.10)
where,
q- charged patrticle

¥ - velocity of the particle

—

E - electric field and

B- magnetic field flux density.

In this work, Einstein theory of relativity is derived
following the procedure by Hamdan et al., (2007) but
using properties of Hilbert space operator.

Since q is a scalar quantity and F,B and % are vectors
applying
components of equation (3.10) are given by

guantities, property, the Cartesian

Fx = qu + q<vyl Bz) - Q(Uz. By) (3118.)
E, = qE, + q{v,, By) — q{vy, B,) (3.11b)
F, = qE, + (vy, B,) — (v, By) (3.11¢)

Applying relativity principles on equations (3.11a),
(3.11b) and (3.11c), we obtain

Fo=qE,+ (v, B,)— (v, B)) (3.12a)
F'y=qE, + V', B ) — (v, B',) (3.12b)
F’Z = qE,Z + <v,xi Bly) - (v,yt B,x) (312C)

In the derivation of relativistic energy, the 3-vector
relativistic velocity transformation is necessary.
According to [8], the relativistic velocity equations but

applying the properties of inner product can be written

as
Vi = o (3.13a)
(c.c)
, Vy
Y y(l_v(c,c) )
v, = ﬁ (313C)
‘ y(l— ?cg )

where scalar factor y is fixed by applying the relativity

1
(wu)
o

principle y =

In classical physics, a particle with rest mass m, with
velocity v has a momentum of p = m,v and a kinetic
energy of T = %movz and in relativistic physics,

mov

p= =ymyv = mv

(3.14)
Lets consider two inertial systems S and S°. The
charged particle g when viewed from S the
components of momentum are given by the following
as stated by [18].

Dy = MU, (3.15a)
py = mv, (3.15b)
P, = Mmu, (3.15¢)
When viewed from S’, the momentum is given by
P =mv, (3.16a)
p’y =mv, (3.16b)
p,=mv, (3.16¢)
From 3.15(a), we have
v, = fn—x (3.17)
While from 3.16(a)
v, =E2 (3.18)

Equating (3.18) and equation 3.13(a), we obtain

P'x _ Ux—U
L (3.19)
(c,c)

Substituting equation (3.17) in (3.19), we obtain

P'x Dx—mu
m m(l_((c,c)>)

Observers of frame S measures the rest mass mg,
observers from S” measure the mass m’. Assuming
the charged particle is at rest then
v, =u=0.

Observers of frame S” measures the rest mass m,,
observers from S measure the mass m. Assuming the
charged particle is at rest then the component of
momentum if combine 3.13(b), 3.15(b) and 3.16(b),
we deduce

py =mv, =my, =p, (2.21)

In similar way, we get,

p,=mv,=my,=p, (3.22)
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The relativistic mass in both frames is expressed as

(3.23)

m = (3.24)

Multiplying the equation for scalar factor y by

m?y(c, c){(c, c), we obtain

y 1 =5 (m?o(c,c)e, €)) = m2ofc, e)e, ©)

(3.25)
(c,c){c,chy®m?y — (c, c)y®>m?o(v,v) = m?y{c, c){c, c)

= Vzmzo(c; C)(C' C) - yszO(ui u)((:, C) = m20<C, C)(C, C)

(3.26)
It is noted that
(p,p) =y (m*p(u,u)) = m*(v,v) (3.27)
The root for the first term presented is
e=mlc,c) [1— % = ymg{c,c) = m{c,c) (3.28)

Equation (3.28) is the relativistic energy &, telling us
that the change of mass of a particle is accompanied
by change in its energy and vice versa.
Therefore,

% = (c,cp, p) + m?y{c, cX{c, )
(3.29) m

This is the derived equation for relativistic energy. It
which that shall be used in the derivation Schroédinger

equation using of Hilbert space operators.

3.1.1. The Derivation of Schrodinger

Equation using Hilbert Space Operators

The results obtained in section 3.1.1 and 3.1.2 are
utilized in the derivation of Schrédinger equation using
Hilbert space approach.

[20] dealt with the derivation of Schrédinger equation

using electromagnetic wave equation and Einstein’s

theory of relativity knowledge. They further extended
the wave equation for classical fields to photons and
generalized it to non-zero rest mass particles using
approximations  consistent  with  non-relativistic
particles. In this research, we use the same approach
as used by [20] but applying the properties of Hilbert
space operators.

Equation (3.9) obtain from the derivation of

electromagnetic wave equation can be written as

— 2F
(VLB — 557 = (3.30)
This satisfies,
E(t,x) = Ejel(k¥=0 (3.31)

where k = 27" and w = 2mv are spatial and temporal

frequencies respectively. Substituting equation (3.31)
in (3.30) we obtained

1 92
c? ot2

(7209, Bo) =
(3.32)

In a vacuum, the speed of light is given asc =v4, a

)Eoei(kx—a)t) =0

wave propagation speed and k = % From Einstein
and Compton, the energy of photon is € = hv = Aw
and the momentum of photon is p = % = hk.

Therefore equation (3.31) is written as

E(x,t) = Eoe%(px_st)

(3.33)

Substituting equation (3.33) in (3.32) we obtain,

(V0 U Eo) = =2 ) Eer® 0 =0 (3.34)

{c,c) at2

Differentiating equation 3.34

(o p) B) + €% (5, o)) e®* =) = 0

(3.35)

Since E,W €S, where S is a vector space, then
replacing electric field, E with ¥, the wave function
equation (3.31) in term of wave function can be written

as,

W(x,t) = Wye nPrED (3.36)

Therefore equation (3.35) becomes
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i
— (0% W) — 22 (5, W) + m3(ct, W)) en® ) = 0
(3.37)

Now, the relativistic total energy obtained from the

results in section 3.1.2 is given as

% = (p,pXc, c) + m*(c, c)c, c)

Therefore,
- (p.p)
e =mlc,c) ’1 + T (3.38)
(p,p)
~ k 1 -
m{c c)( + 2 o)
- 2 (pp)
~mc* + s = m{c,c)+ T (3.39)
where T is the classical kinetic energy.
Thus equation (3.36) becomes
W(x,t) = Wyer®@¥-me?t=T (3.40)
) (3.41)
Taking W,er®*~19 = ¢ then,
W(x,t) = e WD (3.42)

On differentiating equation (3.42) with respect to twe
obtain,

oV m —im(c o)t —im(c c)t 0P
—_— = —— h ’ h ’ —_—
o - {(c, c), D)e +e "

(3.43)

Carrying out the second derivative of equation 3.43

we have
rv_
az

2 i P i
(— e (e, e)e, o), ) — 2 e M mc, ) ‘Z;f) +

——im(c,c)t o’
en —2(3.44)

—h? . 0

where & is the non-relativistic wave function.
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