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INSTRUCTIONS: 

 Answer Question ONE and any other TWO Questions  

 Sketch maps and diagrams may be used whenever they help to illustrate your answer 

 Do not write anything on the question paper 

 This is a closed book exam, No reference materials are allowed in the examination room 

 There will be No use of mobile phones or any other unauthorized materials 

 Write  your answers legibly and use your time wisely 
 

QUESTION ONE (30 MARKS) 

     

a) Let *be a binary operation on the set of positive integers Determine whether or not * is 

Commutative and Find an identity element with respect to * if it exists      𝑖)          𝑎 ∗ 𝑏 = 𝑐 , where 𝑐 is the smallest integer between  𝑎 and 𝑏  𝑖𝑖)        𝑎 ∗ 𝑏 = 𝑐 , where 𝑐 is 5 more than 𝑎 + 𝑏            (4 marks) 

 

b) Let ),2( ZSL denote the set of all 2x2 matrices with integer coefficients, whose 

 determinant is one. Verify whether or not ),2( ZSL is a group under matrix multiplication 

.           (5 marks) 

 

c) Given a group G, define the centre of G,(z(G)) and  show that it is a normal subgroup 

of G          (4 marks) 

d) Let G and H be groups and  Ø: G → 𝐻 be a homomorphism. Define the kernel of Ø.  
Hence show that a homomorphism∅: 𝐺 → 𝐻 is injective if and only if 𝑘𝑒𝑟∅ = {𝑒} 
          (4 marks) 
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       (2 marks) 

e) Suppose a,b and c are elements of an integral domain D such that ab=ac and 0a . 

Prove that  b=c        (3 marks) 

f) Verify whether or not the following statements are true about groups 

i. A group of order 21 has a subgroup of order 5   (2 marks) 

ii. A group of order 7 is abelian     (3 marks) 

iii. Show that the set 𝑆 of permutation mappings given below forms a cyclic group. 

g) 𝐼 = (1 2 31 2 344), 𝐴 = (1 2 32 3 441), 𝐵 = (1 2 33 4 142), 𝐶 = (1 2 34 1 243)(5 marks) 

 

QUESTION TWO (20 MARKS) 

a) (i) Express the product (1  2  7  3  4)(5  6) in 𝑆7as a single permutation in matrix form 

           

         (2marks) 

(ii) Express (1 2 3   7 8 5 4     9 5 6 7    4 2 1 8 96 3) as a product of disjoint cycles in 𝑆9       
          (2marks) 

(iii) Given that  ℎ = (1 2 3    3 1 4 42) is a permutation in 𝑆4. Show that ℎ−1 ∘ ℎ = 𝑒  

           (3marks) 

b) Prove that every permutation can be written as as product of transpositions 

 (5 marks) 

c) Let n be a positive integer. Define ),(),(: nnZZ  as kk )(   Zk , and 

where k denotes the remainder of division of k by n. 

i. Show that   is a group homomorphism    (3 marks) 

ii. Find ker          (2 marks) 

iii. Find the index  ker:Z       (2 marks) 

 

QUESTION THREE (20 MARKS) 

a) Let G be a group in which every element has order at most 2. Show that G is abelian 

            (3 marks) 

b) Show that in an abelian group G, the set of all elements with finite order in G is a 

subgroup of G.         (5 marks) 

c) Let G be the set of eight elements given by },,,1{ kjiG  with multiplication given 

by 1222  kji , kjiij  , ikjjk  , jikki  . 

i. Construct a multiplication table for the group.    (6 marks) 

ii. Consider the cyclic group group  1,1H  . list all the distinct cosets of H in G.

 Is H a normal subgroup of G?      (6marks) 
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QUESTION FOUR (20 MARKS) 

a)  Let G be a group with identity e. Prove that: 

 (i) If 𝑎, 𝑏 ∈ 𝐺, then (𝑎𝑏)−1 = 𝑏−1𝑎−1      (2 marks) 

(ii) If (𝑎𝑏)2 = 𝑎2𝑏2   ∀ 𝑎, 𝑏 ∈ 𝐺, then 𝐺 is abelian    (3 marks) 

b) )Let H be a subgroup of G. Show that the following statements are equivalent. 
(i) H is a normal subgroup of G 

(ii) 𝑥𝐻𝑥−1 = 𝐻  ∀ 𝑥 ∈ 𝐺 
(iii) 𝑥𝐻 = 𝐻𝑥  ∀ 𝑥 ∈ 𝐺   
(iv) (𝑥𝐻)(𝑦𝐻) = 𝑥𝑦𝐻        (10 marks) 

c) Let  𝐺 = 〈ℝ+, ×〉,  the group of positive real numbers under multiplication and 𝐻 = 〈ℝ, +〉, the additive group of real numbers. Show that the mapping given by ∅(𝑥) = ln 𝑥 is an Isomorphism.           (5 marks) 
        

 QUESTION FIVE (20 MARKS) 

a) State without proof Sylow’s theorems     (6 marks) 

b) Using the theorems in (a) above, show that a group of order 15 is cyclic  (8 marks) 

         c)   Prove that a group of order 2
p ;where p is prime   is abelian  (6 marks)          

 
……………………………………………………………………………………………………..                     


