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INSTRUCTIONS: ANSWER ALL QUESTIONS

QUESTION ONE (30 MARKS)
a) Show that a sigma algebra is closed under countable intersections (3 marks)
b) Prove that any interval of the form (a,) is Lebesgue measurable (4 marks)
¢) Show that a constant function on a measurable set is measurable. (3 marks)
d) Define the characteristic function on a measurable subset E of R and show that it is
measurable (4 marks)
e) Let E,cE,CcE,C..... be a nested sequence of Lebesgue measurable sets and
E = UEn show that Im , , w#(E,) = u(E). (5 marks)
n=l1
f) When do we say that a property holds measure almost everyhere? (1 mark)
g) Define a complete measure and show that the space (R, M, 1) of Borel measure space is
complete. (4 marks)
h) Define the probability measure (2 marks)
1) let fexand f,f, € M(x,X)suchthat f = f, —f,.suppose thatjfld,u < oo and
[ fodu <o, show that [ fdu = [ fidu— | f.du (4 marks)
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QUESTION TWO (20 MARKYS)
a) Define a Lebesgue measurable subset of R. (1 mark)
b) Show that if E is measurable, then its complement is also measurable. Hence or otherwise
show that the sets Rand ¢ are measurable sets. (6 marks)
¢) Show thatif x*(A) =0, then A is measurable hence or otherwise show that a countable
set is measurable. (6 marks)
d) Let A be a Lebesgue measurable subset of R, and B be any other subset of R. show that

HE(AUB)+u*(ANB)=u*(A)+ u*(B). (7 marks)

QUESTION THREE (20 MARKS)

a)

b)

Let f and g be Lebesgue measurable function and ¢ be a non-zero constant, show that
Cf,C+f,f2,f (12 marks)

Let f be a measurable function, prove that the following conditions are equivalent
i. {x:f(x)>a} is Lebesgue measurable Vo € R

,f +g,and fgare Lebesgue measurable.

=

1. {x: f(x)>a} is Lebesgue measurable Va € R
1ii. {x: f(x)<a} is Lebesgue measurable Vo € R

1v. {x: f(x) <} is Lebesgue measurable Va € R (8 marks)
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